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Abstract :  

Maintaining safe and reliable trajectories for multiple Unmanned Aerial Vehicles (UAVs) in 

environments with obsta-cles and external disturbances, such as wind, remains a significant 

challenge. This paper presents a novel trajectory replanning approach for a group of UAVs in 

the presence of wind disturbances. The proposed method is based on re-flecting the impact of 

any uncertainty caused by disturbances as an uncertainty in the dynamic response of the quad-

rotor, through the application of the forward reachable sets (FRSs) theory on the motion 

equations. This results in a location ellipsoid error for each quadrotor. Combining this error 

ellipsoid with the quadrotor's physical dimensions via a Minkowski sum yields an expanded 

safety ellipsoid. To avoid inter-UAV collisions, a separating hyperplane is con-structed between 

pairs of safety ellipsoids at each replanning instant. Furthermore, the adaptation of the trajectory 

to instantaneous conditions is made possible through the application of a virtual force field at 

each point on the trajecto-ry. This force field accounts for both the intensity of wind disturbance 

and the proximity of the trajectory to surround-ing obstacles and other quadrotors (delimited by 

hyperplanes), allowing the trajectory to be reconfigured while preserv-ing some key optimal 

characteristics  .Simulation results obtained in Matlab demonstrate the effectiveness of the 

proposed trajectory replanning framework and provide a comparative evaluation of its reduced 

computational cost. 
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1. Introduction1 

In recent years, Unmanned Aerial Vehicles 
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(UAVs), also known as drones, have gained 

significant attention across various fields due to 

their high adaptability, maneuverability, and 

agility. They have been widely employed in 

applications such as emergency rescue [1], 

package delivery [2], aerial photogrammetry [3], 

search-and-rescue operations [4],  and other 

important tasks that enhance human life, making 
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drones essential tools in modern society. 

Despite the advantages of a single UAV, 

certain applications require the use of multiple 

UAVs, which enhance task efficiency. UAVs 

operating in groups can quickly cover large areas 

in disaster zones for search and rescue (SAR) 

operations [5], as well as in agriculture and 

natural environments for tasks such as crop 

monitoring, pest detection, and precision spraying 

[6]. A group of UAVs can also reduce time and 

risks associated with manual inspection of 

infrastructure, such as power lines, pipelines, or 

bridges [7]. Additionally, UAVs can collaborate 

to deliver packages, leading to faster delivery and 

reduced costs [8]. 

The trajectory planning process for a group of 

UAVs involves designing optimized paths to 

move from the starting point to the target, while 

avoiding collisions with obstacles and other 

UAVs involved in the same mission. This ensures 

that all UAVs reach their destinations efficiently 

and safely, considering the constraints imposed on 

each vehicle. 

There are three basic approaches for multi-

robot coordination: centralized, decentralized, and 

hybrid planning approaches [9]. Using these 

approaches, along with optimization techniques, 

enables UAVs to perform their assigned tasks 

safely and efficiently. For comparison, these 

particularities can be enumerated: 

• In the centralized planning method, the 

controller unit processes the data sent from each 

UAV and then generates and sends the required 

control instructions to each UAV based on the 

programmed task[10, 11]. The advantage of this 

method lies in the centralized decision-making 

process, which enables good coordination 

between agents. However, in cases of excessive 

participants, there are difficulties in data 

processing, and the risk of system failure 

increases if the central controller fails to make a 

decision. 

• Unlike the centralized planning method, each 

UAV in decentralized planning relies on its own 

sensors and data communicated with other UAVs 

within the group to make and execute 

independent, environment-aware decisions [10, 

12, 13]. In this case, the failure of one UAV does 

not necessarily lead to the failure of the entire 

system.  

• In a hybrid approach, UAVs work together to 

carry out specific tasks while maintaining a 

certain degree of autonomy, thus combining the 

advantages of the centralized approach for 

achieving optimal results and the independence of 

the decentralized approach for handling 

uncertainty [9].  

Over the years, numerous algorithms have 

been proposed for UAV path planning to avoid 

obstacles and ensure safe and reliable operation in 

unknown environments. Path planning techniques 

can be broadly categorized into grid-based, 

sampling-based, artificial intelligence-based, 

cooperative, and non-cooperative techniques [14]. 

Grid-based methods include the A-star algorithm 

[15] and Dĳkstra algorithm [16], while sampling-

based methods include the Rapidly-exploring 

Random Tree (RRT) and its improved variants 

[17]. 

External disturbances that UAVs may be 

exposed to can affect their performance, safety, 

and reliability, and therefore should not be 

ignored but taken into account. These 

disturbances can arise from various sources, such 

as suspended loads [18], wind presence [19], and 

dynamic obstacles [20], making their impact on 

UAV operations a challenge that must be 

addressed promptly. 

Concerning dynamic obstacles in the 

environment, the Curve-shortening flow method 

(CFM) was proposed in [21] to re-plan the 

trajectory; however, the UAV was modelled as a 

point mass, without considering any external wind 

disturbance. In the present paper, we propose a 

trajectory replanning approach for two individual 

UAVs flying through a restricted space under 

external wind disturbance, where the two UAVs 

are represented as “inflatable” ellipsoids to 

account for both collision and disturbances. The 

trajectories of both UAVs are replanned to avoid 

each other and potential collisions with obstacles 

by utilizing the concept of a separating hyperplane 

and the method proposed in [21]. 

The main contributions of this study can be 

summarized as follows: 

1. A new approach is proposed for replanning 

the trajectories of a pair of UAVs racing into an 

obstructed space while accounting for external 

wind disturbances. 

2. The generated trajectories demonstrate 

desirable characteristics, including trajectory 

length, high smoothness, minimal snap, and 

effective collision avoidance with obstacles. 
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3. A performance comparison with the 

Nonlinear Model Predictive Control (NMPC) 

technique highlights the proposed method’s 

ability to maintain a strong trade-off between 

safety, efficiency, and smooth motion, while also 

achieving a significant reduction in computational 

cost. 

The structure of the paper is as follows: 

Section 2 reviews the existing literature on multi-

UAV trajectory planning in environments with 

obstacles and external disturbances. Section 3 

presents the mathematical formulation of the 

proposed trajectory replanning approach. Section 

4 provides the simulation results and a 

comparative analysis with the NMPC-based 

trajectory design method. Finally, Section 5 

concludes the paper with a summary of the 

findings. 

 

2. Related Work 

2.1. Multi-UAV Trajectory Planning 

Trajectory planning and path planning are two 

fundamental concepts in robotics and autonomous 

systems. While path planning algorithms, such as 

Dĳkstra, A-star, Jump Point Search, and others, 

are designed to find a route from a starting point 

to a desired destination while avoiding obstacles, 

focusing primarily on the shape of the path 

without considering timing or motion parameters, 

trajectory planning is concerned with generating a 

smooth and safe path for the UAVs, taking into 

account not only the path but also the speed, 

acceleration, and precise timing of each UAV’s 

position along the path. 

There are three main methods for UAV 

trajectory planning: unconstrained, soft-

constrained, and hard-constrained methods. In 

unconstrained methods, such as the method 

presented in [22], position, velocity, and 

acceleration are incorporated as constraints to 

generate the trajectory while considering the path 

points. In the soft-constrained method, for 

example, in [23], trajectory points are adjusted to 

maintain a safe distance from obstacles by 

exploiting the convex hull property of the B-

spline curves, thereby ensuring the generation of a 

safe, collision-free trajectory. Hard-constrained 

methods, as discussed in [24, 25], typically 

involve two main steps: first, establishing a safe, 

obstacle-free flight path, and then designing the 

trajectory within the flight path. 

As mentioned in the introduction, three main 

planning approaches are commonly used to 

address the multi-robot coordination problem: 

centralized, decentralized, and hybrid approaches. 

In [11], a centralized multi-UAV planning 

method is proposed by integrating the 

deterministic Coordinated Multi-robot 

Exploration (CME) framework with a swarm-

based optimization technique known as the Aquila 

Optimizer (AO). The proposed method is suitable 

for various mission scenarios, including 

reconnaissance, search, and rescue tasks.  

A distributed trajectory generation algorithm 

for multiple UAVs operating in proximity is 

presented in [26]. In this work, UAVs are 

modeled using ellipsoids rather than spherical 

representations, as the latter may invalidate 

feasible trajectories in confined environments. 

The core idea is to partition the space into regions 

separated by hyperplanes using a Voronoi-based 

space partitioning approach. Employing Voronoi 

diagrams reduces the computational burden by 

utilizing a set of pre-defined, time-invariant 

hyperplanes. By solving the optimization 

problem, each UAV replans its trajectory using a 

receding horizon strategy. At each sampling time, 

each UAV generates its trajectory within a subset 

of its Voronoi cell based on the positional 

information of neighboring UAVs, continuing this 

process until all vehicles reach their target 

positions. For scenarios in which UAVs rely 

solely on local information, the method proposed 

in [27] can be employed. This approach computes 

the areas of Voronoi buffer cells using data 

obtained from a UAV-mounted laser range 

scanner to estimate obstacle positions, which are 

subsequently used as seeds for constructing the 

Voronoi buffer cells. 

The author in [28] also employed the concepts 

of ellipsoids and hyperplanes to address the UAV 

motion planning problem in scenarios involving 

gap traversal and navigation through narrow 

spaces. The proposed method was shown to be 

effective for multiple UAVs as well. In this 

approach, the two UAVs are modeled as 

ellipsoids, and a separating hyperplane is 

generated between them to enforce collision 

avoidance constraints at each time step. The 

trajectory of each vehicle is represented as a 

Bezier curve, ensuring that these collision 

avoidance constraints are satisfied. 

In a related context, [29] proposed an 

algorithm called Replanning using Linear Spatial 

Separations (RLSS), which employs linear spatial 

separations, representing the dynamic limits of 

UAVs, to ensure safety. This method relies solely 

on local relative measurements between UAVs 

rather than on inter-UAV communication. This 

algorithm computes hyperplanes between curve 
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segments and obstacles or other UAVs in the 

environment and subsequently uses them to define 

a convex polyhedral restricted space, within 

which trajectory segments are constrained. 

To generate collision-free trajectories for a 

group of UAVs operating in environments with 

both static and dynamic obstacles, [30] proposed 

the Trajectory Planner in Multi-Agent and 

Dynamic Environments (MADER), a 

decentralized planning framework. At the end of 

each replanning iteration, every UAV broadcasts 

its trajectory to the others. To guarantee collision 

avoidance, a polyhedron is constructed around 

each trajectory at every time period, and 

separating hyperplane constraints are then 

incorporated into the optimization problem. 

Communication delays between UAVs can 

lead to system failures and hinder mission 

completion. To address this issue, the researchers 

in [31] extended the work presented in [30] and 

proposed Robust MADER (RMADER), an 

asynchronous and decentralized multi-agent 

trajectory planner capable of generating collision-

free trajectories in dynamic environments despite 

communication delays. RMADER employs a 

delay-checking mechanism that ensures at least 

one collision-free trajectory is maintained. 

However, it requires an upper bound on 

communication delay and does not account for 

complete communication outages. 

While the UAVs in [26] are restricted to 

remain within their temporary Voronoi cell to 

avoid collisions, [32] addresses collision 

avoidance using a distributed model predictive 

control (DMPC) framework, in which an event-

triggered replanning strategy is employed to 

generate real-time trajectories. In this approach, 

each UAV receives the most recent predicted 

trajectories of all other UAVs via a 

communication channel. Similarly, [33] proposed 

a novel algorithm for online distributed trajectory 

planning for multi-UAV, ensuring safe and 

dynamically feasible paths in crowded 

environments by using a linear safe corridor. The 

method begins with all UAVs sharing their 

current positions, goal points, and trajectories 

from the previous step; initial trajectories are then 

planned based on the previous replanning step (or 

from the current position if it is the first step). 

Collision avoidance constraints are subsequently 

constructed based on these initial trajectories. An 

intermediate target is then determined using the 

grid-based path planner, where UAVs closer to 

the target are assigned higher priority. Finally, the 

safe trajectories are obtained by solving a 

distributed trajectory optimization problem 

formulated as a quadratic programming (QP) 

problem, incorporating both the safe flight 

corridor (SFC) and the linear safe corridor (LSC). 

In [34], a new NMPC framework is introduced 

for multi-rotor aerial systems, specifically 

designed to address the high computational 

demands typically encountered in standard NMPC 

implementations. Rather than relying on 

stabilizing terminal costs or constraints, the 

method employs a growth-bound sequence 

derived from a customized running cost. This 

formulation enables the use of a shorter prediction 

horizon while still ensuring closed-loop stability. 

Numerical simulations demonstrate that the 

proposed approach achieves superior tracking 

accuracy, reduced computation time, and faster 

convergence compared to conventional NMPC 

techniques. 

Based on the elastic bands method (EBM) 

[35], the Curve-shortening Flow Method (CFM) 

was proposed in [21] to refine and reshape UAV 

trajectories. In this approach, a UAV’s path is 

represented as a sequence of interconnected 

nodes, each influenced by both attractive and 

repulsive forces. The attractive forces guide the 

path toward the locally shortest feasible trajectory, 

whereas the repulsive forces steer it away from 

obstacles. This dynamic interaction allows the 

trajectory to adapt to environmental changes, 

ensuring both optimality and safety. 

 

2.2. UAVs in the Presence of External 

Disturbance 

The concept of disturbance encompasses any 

internal or external factor that adversely affects a 

system’s stability or performance. Analyzing 

disturbances has become a key research focus in 

UAV systems, as reducing or rejecting their 

effects is essential for enhancing both efficiency 

and safety in operational environments. Multi-

UAV systems, in particular, are highly sensitive to 

various types of disturbances, including 

transmission delays, modeling uncertainties, and 

external influences such as wind or unforeseen 

obstacles. 

There are two main strategies for addressing 

disturbances affecting UAVs: disturbance 

rejection approaches and trajectory replanning 
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methods.  

Disturbance rejection techniques aim to 

actively compensate for disturbances while 

preserving the UAV’s stability and performance. 

In contrast, replanning methods modify the UAV's 

trajectory immediately whenever the current plan 

becomes infeasible or unsafe due to 

environmental changes. Together, these strategies 

offer complementary mechanisms for enhancing 

the resilience of UAVs operating in uncertain and 

dynamic environments. 

 

2.2.1. Disturbance Rejection Approaches 

Several researchers have investigated various 

control strategies to reject disturbance, including 

model predictive control (MPC), active 

disturbance rejection control (ADRC), and 

adaptive control. For instance, in the observer-

based H∞ consensus control proposed in [36], a 

local control law is designed for each UAV based 

on its own state information as well as that of its 

neighbors. This approach explicitly considers both 

external disturbances and model uncertainties, 

with the resulting consensus required to satisfy the 

H∞ performance criterion. Disturbances are 

estimated and compensated using the disturbance-

observer-based control (DOBC) method [37], 

which comprises two components: one for 

disturbance compensation and another for 

stabilizing the nominal system to achieve the 

desired performance. Because these two 

components adhere to the separation principle 

(separating state estimation from control design), 

this approach is particularly suitable for dealing 

with external disturbances in multi-UAV systems. 

ADRC represents a significant advancement in 

feedback control system design, offering a robust 

alternative to traditional PID and model-based 

methods. By actively estimating and 

compensating for unknown dynamics and 

disturbances in real time, ADRC effectively 

overcomes the limitations associated with model 

dependency and parameter tuning. This approach 

demonstrates high robustness, maintaining 

consistent performance and stability even under 

significant variations in system parameters. 

Nevertheless, the conventional ADRC 

framework still exhibits certain limitations, such 

as time-delay issues and a relatively high design 

complexity. 

A standard ADRC framework consists of three 

main components: a Tracking Differentiator (TD), 

an Extended State Observer (ESO), and a state 

error feedback control law [38].  

In [39], an enhanced ADRC approach is 

introduced, which combines multiple types of 

Extended State Observers (ESOs) to enhance roll 

stability and disturbance rejection in vertical take-

off and landing UAVs (VTOL-UAVs). Simulation 

results demonstrated that enhanced ADRC 

achieved faster response times, reduced 

overshoot, and lower root mean square error 

(RMSE) in tracking the desired roll angle. 

[40] introduces an advanced control 

framework for Unmanned Aerial Vehicles 

(UAVs) operating in confined tunnel 

environments, where precise maneuvering and 

stable flight are essential for close-range 

inspection tasks. The major challenge in such 

missions arises from the complex, nonlinear 

aerodynamic disturbances and torque effects 

induced by tunnel walls, which can compromise 

flight stability and control accuracy. To overcome 

these challenges, the proposed approach integrates 

Model Predictive Control (MPC) with modified 

Control Barrier Function (CBF) constraints. The 

combination not only ensures safe operation near 

tunnel boundaries but also enhances the UAV’s 

disturbance rejection capabilities, allowing it to 

effectively counteract wall-induced aerodynamic 

effects while maintaining the precision required 

for close-proximity operations. 

 

2.2.2. Replanning Approaches 

In addition to rejection-based strategies, various 

replanning approaches have been extensively 

explored. [41] introduces a decentralized path 

planning algorithm for a group of UAVs operating 

under weather-induced disturbances. Although 

each UAV is required to reach designated target 

points, external disturbances influence the energy 

consumption. This challenge is addressed by 

predicting the energy demands based on the 

estimated disturbances, followed by online path 

replanning to accommodate these changes. In 

[42], the external disturbances, primarily wind 

forces acting on the UAV, are estimated using the 

Visual-Inertial-Dynamics Fusion (VID-Fusion) 

method [43]. The resulting forward reachable sets 

(FRS) are modeled as ellipsoids, which are 

instantaneously inflated to account for disturbance 

effects. Path replanning is then performed to 

ensure that these safety ellipsoidal envelopes (the 

inflated geometrical shape of the UAV) remain 

within existing safe corridors, thereby 

guaranteeing collision avoidance. 

In [44], the authors developed a control system 

for autonomous quadrotors with real-time 

trajectory re-planning capabilities. They 

implemented a fully integrated hardware–software 
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pipeline based on a modified PX4 Autopilot and a 

Raspberry Pi 5 companion computer. The 

proposed framework utilizes a minimum-snap 

trajectory generation method, exploiting the 

differential flatness property of quadrotors, which 

enables lightweight and on-board real-time re-

planning. 

In their study, the mission plan was assumed to 

be pre-defined based on available data; however, 

new obstacles could emerge during flight, 

necessitating trajectory re-planning. The results 

demonstrated an online trajectory re-planning and 

optimization framework capable of handling 

uncertain environments, where obstacles are 

initially unknown and must be addressed in real 

time during flight. 

In [45], the authors proposed a risk-aware 

parallel motion planning framework capable of 

rapidly generating safe, smooth, and aggressive 

trajectories for quadrotors. The method samples 

kinodynamically feasible motions in the state 

space and connects them to form a guiding 

trajectory, which maintains topological 

consistency with the execution trajectory and can 

be computed efficiently in closed form. 

To further enhance the trajectory, the 

framework incorporates a risk-aware Model 

Predictive Path Integral (RA-MPPI) optimization 

scheme, which refines the path using a gradient-

free and robust approach. The RA-MPPI 

integrates the Conditional Value-at-Risk (CVaR) 

metric to automatically evaluate and manage 

potential risks, such as collisions or violations of 

dynamic constraints. Moreover, by leveraging 

Monte Carlo sampling and GPU-based 

parallelization, the algorithm achieves high 

computational efficiency.  

Importantly, since the RA-MPPI optimization 

is performed in real time and continuously 

updates the motion plan based on the current state 

and perceived risks, the proposed method 

effectively realizes an online trajectory re-

planning framework, enabling the quadrotor to 

dynamically adapt to changing environments and 

uncertainties. 

In [46], the authors present an efficient 

framework aimed at enhancing the resilience of 

quadrotor flights. The proposed system integrates 

an improved disturbance observer-based safety 

controller within the autopilot to estimate external 

forces in real time. Based on these estimates, a 

high-safety planner is developed to generate 

disturbance-aware trajectories that ensure safe 

operation under uncertain conditions. 

The planner comprises a kinodynamic path 

search module that considers actuator limitations, 

along with a spatio-temporal joint trajectory 

optimizer for smooth and feasible motion 

planning. To guarantee collision avoidance, the 

method incorporates the uncertainty of external 

forces into the position estimation by computing 

Hamilton-Jacobi forward reachability sets of the 

error dynamics. 

 

3. Proposed Method for Trajectory Replanning 

of Two UAVs under Unknown Wind 

Disturbances 

In this paper, we propose a systematic framework 

for trajectory replanning of two UAVs operating 

under unknown wind forces. Initially, a trajectory 

is generated for each UAV, which is subsequently 

adjusted dynamically based on the 

presence/absence and intensity of wind 

disturbances. The proposed framework ensures 

that a safe distance from obstacles is maintained 

while also considering the interaction between the 

two UAVs operating in the same environment. 

The overall scheme of the proposed system is 

illustrated in Fig. 1. The environment is modeled 

as an occupancy grid, constructed from data 

captured by a camera mounted on each UAV. 

Accordingly, an obstacle-free path is generated 

for each UAV through the Dijkstra path planning 

algorithm. Based on this path, an initial trajectory 

is then constructed using the Minimum Snap 

technique outlined in [47], ensuring both 

smoothness and dynamic feasibility. However, 

this trajectory may become impractical in the 

presence of external disturbances or when both 

UAVs operate simultaneously within the same 

environment.  

The proposed approach addresses two main 

challenges: (i) both UAVs are subjected to 

external wind disturbances, and (ii) their 

simultaneous operation within the same 

environment introduces the risk of collision. To 

tackle the first challenge, the wind disturbance is 

modeled as a combination of two components: a 

nominal force estimated by VID-Fusion or other 

estimators, and a bounded noise term following 

the approach described in [42]. Using Hamilton-

Jacobi reachability analysis, the resulting error 

FRSs are approximated as ellipsoids. By applying 

the Minkowski sum, the UAV ellipsoid and the 
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wind disturbance ellipsoid are combined to form a 

safe ellipsoid that accounts for wind effects. To 

address the second challenge of collision 

avoidance, a separating hyperplane is constructed 

between the two UAV ellipsoids at each 

replanning instant. Trajectory replanning is then 

performed based on four factors: the size of the 

safe ellipsoids, the separating hyperplane, obstacle 

specifications, and the current trajectory. This 

framework ensures that UAVs maintain a safe 

distance from each other and from obstacles, even 

under wind disturbances in a shared environment. 

 

 
Fig. 1. General scheme of the proposed system 

 

3.1. Mathematical Description 

The mathematical formulation of the proposed 

method involves updating the dimensions of each 

UAV’s safe ellipsoid, followed by the 

computation of the instantaneous separating 

hyperplane between them. The detailed procedure 

for replanning their respective trajectories based 

on the current environmental conditions is 

presented in the following sections. 

 

3.1.1. Calculating the Dimensions of the Safe 

Ellipsoid 

The system safety is ensured by computing the 

Forward Reachable Sets (FRSs) using Hamilton-

Jacobi (HJ) reachability analysis. The FRS 

denotes the set of states that can be reached by the 

system under bounded disturbances from a given 

initial region around the current state. The HJ 

reachability analysis provides a quantitative 

description of FRS evolution, enabling a robust 

assessment of safety boundaries for trajectory 

planning. For completeness, a detailed 

explanation of HJ reachability analysis and FRSs 

is provided in Appendix A. 

By applying Hamilton-Jacobi reachability 

analysis to the error dynamics induced by wind 

disturbances acting on each UAV, the FRS's error 

is approximated as an ellipsoid. Subsequently, the 

Minkowski sum of the wind-disturbance ellipsoid 

and the UAV shape ellipsoid is computed to 

obtain an updated safe ellipsoid for trajectory 

replanning. A detailed description of the 

Minkowski sum of rotational ellipsoids is 

provided in Appendix B. 

The dynamic model is considered under the 

assumption of precise Euler angle control, where 

the angular rates accurately track the desired 

commands. The full-body nonlinear dynamic 

model is formulated as follows: 

𝒑̇ = 𝑣, (1-a) 

𝒗̇ =
1

𝑚
(𝑹 [

0
0
𝑇𝑐

] − 𝑭𝑑𝑟𝑎𝑔 + 𝑭𝑒𝑥𝑡) − [
0
0
𝑔
], (1-b) 

∅̇ = ∅̇𝑐, (1-c) 

𝜃̇ = 𝜃̇𝑐, (1-d) 

𝜓̇ = 𝜓̇𝑐. (1-e) 

 

Based on the above equations, the UAV's 

overall nonlinear dynamic model can be concisely 

expressed as: 

𝒙̇ = 𝑓(𝒙(𝑡), 𝒖(𝑡), 𝑭𝑒𝑥𝑡(𝑡)), (1-f) 

where 𝒙 = [𝑿, 𝒗, 𝜙, 𝜃, 𝜓]𝑇 ∈ 𝜒 ⊂ ℝ𝑛𝑥 is the 

state of the system, 𝑿 = [𝑋𝑥 , 𝑋𝑦 , 𝑋𝑧]
𝑇

is the 

position and 𝒗 = [𝑣𝑥 , 𝑣𝑦, 𝑣𝑧]
𝑇 ∈ ℝ3 is the velocity 

of the UAV. 𝜙, 𝜃, 𝜓 are the roll, pitch and yaw 

angles. 𝒖 = [𝜙̇𝑐 , 𝜃̇𝑐 , 𝜓̇𝑐 , 𝑇𝑐]
𝑇
∈ 𝒰 ⊂ ℝ𝑛𝑢 is the 

control input where 𝜙̇𝑐 , 𝜃̇𝑐 , 𝜓̇𝑐 ∈ ℝ are the 

command rates of the Euler angles and 𝑇𝑐 is thrust 

command of the UAV in the body frame. 

𝑹 ∈ ℝ3×3 is the rotation matrix parameterized 

by the Euler angles, 𝑚 ∈ ℝ is the mass of the 

quadrotor, and 𝑔 ∈ ℝ is the magnitude of 

gravitational acceleration. 

Since the components of rotor drag and drag-

like effects are difficult to model and depend on 

the quadrotor’s velocity, they are incorporated 

into the system model to account for their 

influence on the disturbance bound. 

For a simplified aerodynamic representation, 

the drag force 𝑭𝑑𝑟𝑎𝑔 is incorporated into the x–y 

body frame based on a first-order drag model. 

As described in [42], 𝑲𝑑𝑟𝑎𝑔 = 𝑑𝑖𝑎𝑔{𝑘𝑑 , 𝑘𝑑 , 0} 

is defined, where 𝑘𝑑 denotes the drag coefficient 

constant, and the drag force in the world frame is 

given by 𝐹𝑑𝑟𝑎𝑔 = 𝑹𝑲𝑑𝑟𝑎𝑔𝑹
𝑇𝒗. 

The external force is defined as  𝑭𝑒𝑥𝑡 = 𝒃𝑒𝑥𝑡 +
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𝒘𝑒𝑥𝑡, where 𝒃𝑒𝑥𝑡 is a nominal constant force 

obtained by estimating the external force using 

VID-Fusion as in [43], and 𝒘𝑒𝑥𝑡 is a bounded 

noise with maximum bound (𝑤𝑚), satisfying 

𝒘𝑒𝑥𝑡 ∈ 𝕎 = {𝒘 ∈ ℝ𝑛𝑤: ‖𝒘‖∞ ≤ 𝑤𝑚}. 
A linearized model of the closed-loop error 

dynamics of the UAV is constructed around the 

nominal state 𝒙𝟎(𝑡), the nominal input 𝒖𝟎(𝑡), and 

the nominal external disturbance 𝒃𝑒𝑥𝑡,0(𝑡). The 

error state is defined as 𝒆(𝑡) = 𝒙(𝑡) − 𝒙𝟎(𝑡).  
Assuming that the higher-order linearization 

errors can be neglected in the neighborhood of the 

nominal states, and that the feedback control law 

is expressed as 𝒖(𝑡) = 𝒖𝟎(𝑡) + 𝑲(𝑡)𝒆(𝑡), the 

resulting linearized error dynamics, in the 

presence of an external force, can be expressed 

following [42], as: 

𝒆̇(𝑡) =  𝚪(𝑡)𝒆(𝑡) + 𝑫(𝑡)𝑭𝑒𝑥𝑡(𝑡) (2) 

 

where: 

 

𝚪(𝑡) =  𝐀(𝑡) + 𝑩(𝑡)𝑲(𝑡), 𝐀(𝑡) =
𝜕𝑓(𝒙,𝒖,𝒃𝑒𝑥𝑡)

𝜕𝒙
, 𝐁(𝑡) =  

𝜕𝑓(𝒙,𝒖,𝒃𝑒𝑥𝑡)

𝜕𝒖
, 𝐃(𝑡) =

 
𝜕𝑓(𝒙,𝒖,𝒃𝑒𝑥𝑡)

𝜕𝑭𝑒𝑥𝑡
, and 𝑲(𝑡) denotes the feedback gain of 

the state feedback controller. 

Considering the system dynamics sampled at 

intervals of 𝑡𝑠 over 𝑁 steps, the discrete-time state 

at step 𝑘 ∈ {0,1,2,… ,𝑁 − 1} is defined as 𝒙(𝑘) =

[𝑿(𝑘), 𝒗(𝑘), 𝜙(𝑘), 𝜃(𝑘), 𝜓(𝑘)]. The UAV’s shape 

can be represented by an ellipsoid centered at 

position 𝑿𝑘 with orientation 𝑹𝑘. This ellipsoid, 

characterized by a radius 𝑟 and height ℎ, can be 

described geometrically as: 
𝜉(𝑿, 𝑸) = {𝑿|𝑿𝑇𝑸−1𝑿 ≤ 1} (3) 

or:  
𝜉(𝑿𝑘 , 𝑸𝑢𝑎𝑣

𝑘 )

= {𝑿|(𝑿 − 𝑿𝑘)𝑇(𝑸𝑢𝑎𝑣
𝑘 )−1(𝑿 − 𝑿𝑘) ≤ 1}, 

(4) 

 

𝑸𝑢𝑎𝑣
𝑘 = 𝑹𝑘𝑞(𝑹𝑘)

𝑇
  ;   𝑞 = 𝑑𝑖𝑎𝑔{𝑟2, 𝑟2, ℎ2},(5) 

Here, the shape matrix of the UAV, 𝑸𝑢𝑎𝑣
𝑘 , is 

calculated as in (5).  

The FRS's error can be expressed as an 

approximate ellipsoid representing the external 

force disturbance, using the Hamilton-Jacobi 

reachability analysis method applied to the error 

dynamics as in (6). The shape matrix of the wind 

disturbance, 𝑸𝑑𝑖𝑠𝑡
𝑘 , is computed from (7), and the 

maximal ellipsoidal reachable set of the error 

dynamics, 𝑸0,𝑢𝑎𝑣
𝑘 , is obtained as in [48]: 

𝜉(𝑿𝑘 , 𝑸𝑑𝑖𝑠𝑡
𝑘 )

= {𝑿|(𝑿 − 𝑿𝑘)𝑇(𝑸𝑑𝑖𝑠𝑡
𝑘 )

−1
(𝑿 − 𝑿𝑘) ≤ 1} 

(6) 

𝑸𝑑𝑖𝑠𝑡
𝑘 = [𝑒𝑥𝑝(𝜞𝑘𝑡𝑠)(𝑸0,𝑢𝑎𝑣

𝑘

⊞𝑸𝑑
𝑘)𝑒𝑥𝑝(𝜞𝑘,𝑇𝑡𝑠)]3×3 

(7) 

 

Now, the Minkowski sum of the UAV 

ellipsoid in (4) and the wind-disturbance ellipsoid 

in (6) can be applied to obtain the safe ellipsoid 

𝜉(𝑿𝑘, 𝑸𝑠𝑎𝑓𝑒
𝑘 ), as illustrated in Fig. 2 and defined 

in (8). Here, 𝑸𝑠𝑎𝑓𝑒
𝑘  denotes the shape matrix of the 

safe ellipsoid, and ⊞ represents the Minkowski 

sum symbol. Subsequently, the matrix 𝑸𝑢𝑎𝑣
𝑘  is 

updated according to (9). 
𝑸𝑠𝑎𝑓𝑒
𝑘 = 𝑸𝑢𝑎𝑣

𝑘 ⊞𝑸𝑑𝑖𝑠𝑡
𝑘  

= (1 + 𝛼)𝑸𝑢𝑎𝑣
𝑘 + (1 +

1

𝛼
)𝑸𝑑𝑖𝑠𝑡

𝑘   , 𝛼 =

√
𝑡𝑟𝑎𝑐𝑒(𝑸𝑑𝑖𝑠𝑡

𝑘 )

𝑡𝑟𝑎𝑐𝑒(𝑸𝑢𝑎𝑣
𝑘 )

, 

(8) 

𝑸0,𝑢𝑎𝑣
𝑘+1 = 𝑸0,𝑢𝑎𝑣

𝑘 + 𝑸𝑑
𝑘  (9) 

 

Once the safe ellipsoid is determined, its semi-

axes can be computed from the shape matrix as 

follows: 

𝒔𝑖 = 𝝀𝑖
−1 2⁄ 𝒒𝑖 (10) 

 

In this context, 𝝀𝑖 represents the eigenvalue 

corresponding to the 𝑖𝑡ℎ eigenvector 𝒒𝑖. The 

length of each semi-axis is determined by the 

magnitude of its associated eigenvalue, while the 

orientation is governed by the associated 

eigenvector. 

 

 
Fig. 2. The inner ellipsoid, 𝝃(𝑿𝒌, 𝑸𝒅𝒊𝒔𝒕

𝒌 ), represents 

the ellipsoidal approximation of the FRSs. The 

middle ellipsoid, 𝝃(𝑿𝒌, 𝑸𝒖𝒂𝒗
𝒌 ), and the outer 

ellipsoid, 𝝃(𝑿𝒌, 𝑸𝒔𝒂𝒇𝒆
𝒌 ), represent the UAV ellipsoid 

and the safe ellipsoid, respectively. 
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3.1.2. Calculating the Separating Hyperplane 

between the Safe Ellipsoids of Two UAVs 

After obtaining the safe ellipsoid of each UAV in 

the presence of wind disturbance, the next step is 

to construct a hyperplane that separates them. 

Specifically, a separating hyperplane for two 

ellipsoids 𝜉1(𝑿
𝑘, 𝑸𝑠𝑎𝑓𝑒

𝑘 ) and 𝜉2(𝑿
𝑘, 𝑸𝑠𝑎𝑓𝑒

𝑘 ) is 

defined as a hyperplane that places 𝜉1(𝑿
𝑘, 𝑸𝑠𝑎𝑓𝑒

𝑘 ) 

on one side and 𝜉2(𝑿
𝑘, 𝑸𝑠𝑎𝑓𝑒

𝑘 ) on the other, as 

illustrated in Fig. 3. 

First, using CVX (a Matlab-based modeling 

system for convex optimization), the closest 

distance segment between two points of the two 

safe ellipsoids is calculated. Then a hyperplane is 

constructed perpendicular to this line at its 

midpoint. The resulting hyperplane is described 

by (11) and determines two (closed) half-spaces, 

defined by (12) and (13), each containing one 

ellipsoid. 
𝑯 = {𝑿 ∈ 𝑹𝑛 | 〈𝒏, 𝑿〉 = 𝑐} (11) 

or:  
A ∗ x + B ∗ y + C ∗ z − D = 0  
𝑆1 = {𝑿 ∈  𝑹

𝑛 | 〈𝒏, 𝑿〉 ≤ 𝑐} (12) 
𝑆2 = {𝑿 ∈  𝑹

𝑛 | 〈𝒏, 𝑿〉 ≥ 𝑐} (13) 

 

Here, A, B, and C denote the components of 

the normal vector 𝒏⃗⃗ = (𝐴, 𝐵, 𝐶) of the hyperplane, 

𝑿 = [𝑥, 𝑦, 𝑧] represents an arbitrary point on the 

hyperplane, and 𝑐 is a scalar bias term. 

 

 
Fig. 3. A separating hyperplane between two safe 

ellipsoids, 𝝃𝟏(𝑿
𝒌, 𝑸𝒔𝒂𝒇𝒆

𝒌 ) and 𝝃𝟐(𝑿
𝒌, 𝑸𝒔𝒂𝒇𝒆

𝒌 ) 

 

3.1.3. Trajectory Replanning 

The basic concept of our method is to apply 

“forces” that adjust the positions of trajectory 

points according to their proximity to obstacles, 

the relative distance of the two UAVs, and the 

magnitude of the external disturbance affecting 

each UAV at that moment. 

Conceptually, the replanning mechanism can 

be interpreted like the elastic band approach 

commonly used in motion planning [35]. In this 

framework, the discrete trajectory points are 

treated as nodes connected by virtual elastic links. 

Each link exerts a “tension force” proportional to 

the relative displacement between consecutive 

points, which acts to smooth the path and 

minimize sharp curvature.  

The resultant vector from the current point 𝒑𝒊 
toward its neighboring points 𝒑𝒊−𝟏 and 𝒑𝒊+𝟏 thus 

reflects the local geometric curvature of the 

trajectory, similar to the restoring forces in an 

elastic band. 

Simultaneously, additional “repulsive forces” 

are introduced to account for obstacle proximity, 

inter-UAV separation constraints, and external 

disturbances.  

The updated position of each trajectory point is 

then obtained by balancing these competing 

effects, yielding a physically intuitive, force-based 

trajectory deformation process that continuously 

adapts to the surrounding environment. 

At each point 𝒑𝒊 along the trajectory, as 

illustrated in Fig. 4, two vectors are defined: 

𝒑𝒊𝒑𝒊+𝟏⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, directed from point 𝒑𝒊 to the next point 

𝒑𝒊+𝟏, and 𝒑𝒊𝒑𝒊−𝟏⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, connecting point 𝒑𝒊 to the 

preceding point 𝒑𝒊−𝟏. 

 

 
Fig. 4. The elastic force 𝒇𝒊 acting on the path 

 

The vector 𝒈𝒊, defined as the resultant of these 

two vectors, offers geometric information about 

the local structure of the trajectory. Its orientation 

indicates the curvature at the corresponding point, 

pointing inward toward the obstacle in convex 

regions and outward, away from the obstacle, in 

concave regions: 

𝒈𝒊 ≜ (𝒑𝒊−𝟏(𝑡) − 𝒑𝒊(𝑡)) + (𝒑𝒊+𝟏(𝑡) − 𝒑𝒊(𝑡)) (14) 
 

This vector, computed at each trajectory point, 

forms the basis for reshaping the trajectory. The 

remodeling process takes into consideration the 

spatial configuration of surrounding obstacles, 

denoted by 𝑂, and modifies the trajectory to 

ensure both safety and smoothness during 
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navigation. 

𝒇𝒊 = −𝐾 ∗ 𝒈𝒊(𝒑𝒊(𝑡), 𝑶(𝑡)) (15) 
 

Acting like an elastic force 𝒇𝒊, this vector is 

generated by the deformation (replanning) of the 

trajectory, with a shaping coefficient 𝐾 used to 

regulate the magnitude of adjustment applied to 

the trajectory. 

Assume that 𝐷 (𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) represents the 

minimum distance between the safe ellipsoid 

𝜉𝑖(𝑿,𝑸𝒔𝒂𝒇𝒆) (hereafter referred to as 𝝃𝒔𝒂𝒇𝒆𝒊
 

representing the UAV under wind disturbance) 

and the obstacle 𝑶. The value of this variable is 

set to zero whenever the trajectory point lies 

beyond the obstacle’s reach 𝑟𝑜𝑏𝑠:  

𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) = 𝑚𝑎𝑥 (0; 𝑟𝑜𝑏𝑠 − 𝑑(𝝃𝒔𝒂𝒇𝒆𝒊

, 𝑶)) (16) 

 

In this expression, the term 𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) 

denotes the distance between the safe ellipsoid 

𝝃𝒔𝒂𝒇𝒆𝒊
 and the obstacle 𝑶. Similarly, let 

𝐷 (𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯) represent the minimal distance 

between the safe ellipsoid 𝜉𝑖(𝑿,𝑸𝒔𝒂𝒇𝒆) and 

hyperplane 𝑯. The value of this variable is set to 

zero when the trajectory point lies outside the 

influence domain of the hyperplane, denoted by 

𝑟ℎ𝑦𝑝. In this context, the term 𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯) 

denotes the distance between the safe ellipsoid 

𝝃𝒔𝒂𝒇𝒆𝒊
 and the hyperplane 𝑯: 

𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯)

= 𝑚𝑎𝑥 (0; 𝑟ℎ𝑦𝑝 − |𝑑 (𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯)|)

∗                 𝑠𝑔𝑛 ( 𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯)) 

(17) 

 

The external force 𝑭𝒊(𝒑𝒊(𝒕),𝑶,𝑯) is defined 

as the combination of two components, as 

outlined in (20). The first component is primarily 

determined by two factors: (i) the external wind 

disturbance 𝑭𝑒𝑥𝑡, and (ii) the repulsive force 

exerted by nearby obstacles 𝑶, as formulated in 

(18). The second component arises from the 

repulsive influence of the hyperplane 𝑯, as 

expressed in (19): 

𝑭𝒊(𝒑𝒊(𝑡), 𝑶(𝑡), 𝝃𝒔𝒂𝒇𝒆(𝑡)) = 𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) ∗

−𝛻𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
,𝑶)

|𝛻𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
,𝑶)|

, 
(18) 

𝑭𝒊(𝒑𝒊(𝑡), 𝑯(𝑡), 𝝃𝒔𝒂𝒇𝒆(𝑡)) = 𝑫 (𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯) ∗

−𝛻𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
,𝑯)

|𝛻𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
,𝑯)|

, 
(19) 

𝑭𝒊(𝒑𝒊(𝒕), 𝑶𝑯) =  𝑭𝒊 (𝒑𝒊(𝑡), 𝑶(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊
(𝑡)) 

               +𝑭𝒊 (𝒑𝒊(𝑡),𝑯(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊
(𝑡)). 

(20) 

 

A time-dependent solution, which accounts for 

wind disturbances and the presence of other 

UAVs in the same environment, is more 

appropriate for trajectory modification rather than 

a static one; the semi-static approach can be 

formulated by incorporating the time derivatives 

of the trajectory points into (14) to obtain (21): 

𝒑̇𝒊(𝑡) =
1

𝑇
[ 𝒈𝒊 + 𝐾

−1 ∗ 𝑭𝒊(𝒑𝒊(𝒕), 𝑶𝑯)] 

=
1

𝑇
[ 𝒈𝒊 + 𝐾

−1 ∗

(𝑭𝒊 (𝒑𝒊(𝑡),𝑶(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊
(𝑡)) +

                       𝑭𝒊 (𝒑𝒊(𝑡), 𝑯(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊
(𝑡)))], 

(21) 

 

Here, 𝑇 represents a dynamic parameter that 

controls how quickly the trajectory adapts. On the 

right-hand side of (21), two forces are considered: 

the internal elastic force 𝒇𝒊 and the external force 

𝑭𝒊. The algorithm accounts for several inputs, 

including the strength of the wind disturbance, the 

quadrotor’s proximity to nearby obstacles, and its 

distance from the hyperplane. These inputs enable 

the system to modify the trajectory more 

effectively and adaptively in changing 

environments. 

First, the force resulting from both wind 

disturbances and nearby obstacles is calculated. A 

two-dimensional circular obstacle, as illustrated in 

Fig. 5, is used to clarify the state equations. 

Subsequently, more complex scenarios involving 

three-dimensional states and environments with 

multiple obstacles will be presented. 
 

 
Fig. 5. A cylindrical obstacle in the presence of wind 

disturbance affecting the UAV 
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As illustrated in Fig. 5, the distance 

𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶), defined in (16) between the safe 

ellipsoid 𝝃𝒔𝒂𝒇𝒆𝒊
 and the obstacle, can be computed 

as follows: 

𝑑𝑖 (𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) = 𝑏𝑖 − 𝑟𝑂 − 𝑟𝜉𝑠𝑎𝑓𝑒𝑖

 

          =  √(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2
− 𝑟𝑂

− 𝑟𝜉𝑠𝑎𝑓𝑒𝑖
 

; 𝑏 = √(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2
, 

(22) 

 

Here, 𝑟𝑂 represents the radius of the obstacle, 

whose center is located at (𝑥𝑜, 𝑦𝑜), and 

(𝑥𝑝𝑖 , 𝑦𝑝𝑖) are the coordinates of the 𝑖th point along 

the trajectory. Accordingly, from (16), we can 

write: 

𝐷 (𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶)

= 𝑚𝑎𝑥 (0; 𝑟𝑜𝑏𝑠 −           √(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2

+ 𝑟𝑂 + 𝑟𝝃𝒔𝒂𝒇𝒆𝒊
) 

(23) 

 

The force 𝑭𝒊(𝒑𝒊, 𝑶, 𝝃𝒔𝒂𝒇𝒆) can be determined 

using (18) and (23), and is given by: 
𝐹𝑖(𝑝𝑖, 𝑂, 𝜉𝑠𝑎𝑓𝑒) = 𝐹𝑖,𝑥 (𝑝𝑖 , 𝑂, 𝜉𝑠𝑎𝑓𝑒𝑖) 𝑖̂

+ 𝐹𝑖,𝑦 (𝑝𝑖 , 𝑂, 𝜉𝑠𝑎𝑓𝑒𝑖) 𝑗̂ 

=

𝑚𝑎𝑥 (0; 𝑟𝑜𝑏𝑠 − √(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2
+ 𝑟𝑂 + 𝑟𝝃𝒔𝒂𝒇𝒆𝒊

) ∗ (𝑥𝑝𝑖 − 𝑥𝑜)

√(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2
𝑖̂

+     

𝑚𝑎𝑥 (0; 𝑟𝑜𝑏𝑠 − √(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2
+ 𝑟𝑂 + 𝑟𝜉𝑠𝑎𝑓𝑒) ∗ (𝑦𝑝𝑖 − 𝑦𝑜)

√(𝑥𝑝𝑖 − 𝑥𝑜)
2
+ (𝑦𝑝𝑖 − 𝑦𝑜)

2
 𝑗̂ 

(24) 

 

Secondly, for the computation of the 

hyperplane repulsive force, as defined in (17), the 

distance 𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯) between the safe ellipsoid 

and the hyperplane is obtained as follows: 

𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯) =

𝐴 ∗ 𝑥𝑝𝑖 + 𝐵 ∗ 𝑦𝑝𝑖 + 𝐶 ∗ 𝑧𝑝𝑖 − 𝐷

√𝐴2 + 𝐵2 + 𝐶2
 (25) 

 

Here, 𝐴, 𝐵 , and 𝐶 represent the components of 

the hyperplane's normal vector, while 𝐷 denotes 

the hyperplane’s offset from the origin. The 

coordinates 𝑥𝑝𝑖 , 𝑦𝑝𝑖 , 𝑧𝑝𝑖 correspond to the position 

of the proximal point on the ellipsoid. Therefore, 

based on (17), the following expression can be 

written: 

𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯)

= 𝑚𝑎𝑥 (0; 𝑟ℎ𝑦𝑝

−
|𝐴 ∗ 𝑥𝑝𝑖 + 𝐵 ∗ 𝑦𝑝𝑖 + 𝐶 ∗ 𝑧𝑝𝑖 − 𝐷|

√𝐴2 + 𝐵2 + 𝐶2
)

∗                 𝑠𝑔𝑛 (𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯)) 

(26) 

 

Finally, the force 𝑭𝒊 (𝒑𝒊, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒊
) can be 

computed by substituting (26) into (19). 

In scenarios where the trajectory is influenced 

solely by static obstacles and under steady 

conditions, the time derivatives of the trajectory 

points vanish. Consequently, (21) can be 

simplified and expressed as follows: 

 

[
 
 
 
 
 
 
−𝟐 𝟏 𝟎 … 𝟎 𝟎 𝟎
𝟏 −𝟐 𝟏 … 𝟎 𝟎 𝟎
𝟎 𝟏 −𝟐 … 𝟎 𝟎 𝟎
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
𝟎 𝟎 𝟎 … −𝟐 𝟏 𝟎
𝟎 𝟎 𝟎 … 𝟏 −𝟐 𝟏
𝟎 𝟎 𝟎 … 𝟎 𝟏 −𝟐]

 
 
 
 
 
 

⏟                        
𝑨

∗

[
 
 
 
 
 
 
𝒑𝟏
𝒑𝟐
𝒑𝟑
⋮

𝒑𝒏−𝟐
𝒑𝒏−𝟏
𝒑𝒏 ]

 
 
 
 
 
 

+

[
 
 
 
 
 
 
𝒑𝒔𝒕𝒂𝒓𝒕
𝟎
𝟎
⋮
𝟎
𝟎

𝒑𝒈𝒐𝒂𝒍 ]
 
 
 
 
 
 

⏟    
𝑷𝒔,𝒕

= −𝑲−𝟏

∗

[
 
 
 
 
 
 
 
 
 
 𝑭𝟏 (𝒑𝟏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟏

) + 𝑭𝟏 (𝒑𝟏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟏
)

𝑭𝟐 (𝒑𝟐, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟐
) + 𝑭𝟐 (𝒑𝟐, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟐

)

𝑭𝟑 (𝒑𝟑, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟑
) + 𝑭𝟑 (𝒑𝟑, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟑

)

⋮

𝑭𝒏−𝟐 (𝒑𝒏−𝟐, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟐
) + 𝑭𝒏−𝟐 (𝒑𝒏−𝟐, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟐

)

𝑭𝒏−𝟏 (𝒑𝒏−𝟏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟏
) + 𝑭𝒏−𝟏 (𝒑𝒏−𝟏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟏

)

𝑭𝒏 (𝒑𝒏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏
) + 𝑭𝒏 (𝒑𝒏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏

) ]
 
 
 
 
 
 
 
 
 
 

 

(27) 

 

Here, 𝒑𝟎 = 𝒑𝒔𝒕𝒂𝒓𝒕 denotes the starting point of 

the trajectory, and 𝒑𝒏+𝟏 = 𝒑𝒈𝒐𝒂𝒍 represents its 

goal point.  

To regulate the trajectory deviations, the 

following equation is employed to constrain the 

total displacement relative to the initial position 

(𝑥𝑝𝑖
0 , 𝑦𝑝𝑖

0 ): 

‖𝒅𝒊𝒔𝒑‖𝝋 =
1

𝑛
∗∑√(𝑥𝑝𝑖 − 𝑥𝑝𝑖

0 )
2
+ (𝑦𝑝𝑖 − 𝑦𝑝𝑖

0 )
2

𝑛

𝑖=1

 (28) 

 

By expanding (27), the system of equations 

presented in (29) can be derived as follows: 
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{
 
 
 
 
 
 

 
 
 
 
 
 −𝟐𝒙𝒑𝟏 + 𝒙𝒑𝟐 + 𝒙𝒔𝒕𝒂𝒓𝒕 + 𝑲

−𝟏 ∗ (𝑭𝟏,𝒙 (𝒑𝟏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟏
) + 𝑭𝟏,𝒙 (𝒑𝟏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟏

)) = 𝟎 

−𝟐𝒙𝒑𝟐 + 𝒙𝒑𝟏 + 𝒙𝒑𝟑 + 𝑲
−𝟏 ∗ (𝑭𝟐,𝒙 (𝒑𝟐, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟐

) + 𝑭𝟐,𝒙 (𝒑𝟐, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟐
)) = 𝟎 

−𝟐𝒙𝒑𝟑 + 𝒙𝒑𝟐 + 𝒙𝒑𝟒 + 𝑲
−𝟏 ∗ (𝑭𝟑,𝒙 (𝒑𝟑, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟑

) + 𝑭𝟑,𝒙 (𝒑𝟑, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟑
)) = 𝟎

⋯ = 𝟎

−𝟐𝒙𝒑𝒏−𝟐 + 𝒙𝒑𝒏−𝟑 + 𝒙𝒑𝒏−𝟏 + 𝑲
−𝟏 ∗ (𝑭𝒏−𝟐,𝒙 (𝒑𝒏−𝟐, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟐

) + 𝑭𝒏−𝟐,𝒙 (𝒑𝒏−𝟐, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟐
)) = 𝟎

−𝟐𝒙𝒑𝒏−𝟏 + 𝒙𝒑𝒏−𝟐 + 𝒙𝒑𝒏 + 𝑲
−𝟏 ∗ (𝑭𝒏−𝟏,𝒙 (𝒑𝒏−𝟏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟏

) + 𝑭𝒏−𝟏,𝒙 (𝒑𝒏−𝟏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟏
)) = 𝟎

−𝟐𝒙𝒑𝒏 + 𝒙𝒑𝒏−𝟏 + 𝒙𝒈𝒐𝒂𝒍 + 𝑲
−𝟏 ∗ (𝑭𝒏,𝒙 (𝒑𝒏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏

) + 𝑭𝒏,𝒙 (𝒑𝒏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏
)) = 𝟎

 (29-a) 

{
 
 
 
 
 
 

 
 
 
 
 
 −𝟐𝒚𝒑𝟏 + 𝒚𝒑𝟐 + 𝒚𝒔𝒕𝒂𝒓𝒕 + 𝑲

−𝟏 ∗ (𝑭𝟏,𝒚 (𝒑𝟏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟏
) + 𝑭𝟏,𝒚 (𝒑𝟏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟏

)) = 𝟎

−𝟐𝒚𝒑𝟐 + 𝒚𝒑𝟏 + 𝒚𝒑𝟐 +𝑲
−𝟏 ∗ (𝑭𝟐,𝒚 (𝒑𝟐, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟐

) + 𝑭𝟐,𝒚 (𝒑𝟐, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟐
)) = 𝟎

−𝟐𝒚𝒑𝟑 + 𝒚𝒑𝟐 + 𝒚𝒑𝟒 +𝑲
−𝟏 ∗ (𝑭𝟑,𝒚 (𝒑𝟑, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝟑

) + 𝑭𝟑,𝒚 (𝒑𝟑, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝟑
)) = 𝟎

 ⋯ = 𝟎

−𝟐𝒚𝒑𝒏−𝟐 + 𝒚𝒑𝒏−𝟐 + 𝒚𝒑𝒏−𝟏 + 𝑲
−𝟏 ∗ (𝑭𝒏−𝟐,𝒚 (𝒑𝒏−𝟐, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟐

) + 𝑭𝒏−𝟐,𝒚 (𝒑𝒏−𝟐, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟐
)) = 𝟎

−𝟐𝒚𝒑𝒏−𝟏 + 𝒚𝒑𝒏−𝟐 + 𝒚𝒑𝒏 + 𝑲
−𝟏 ∗ (𝑭𝒏−𝟏,𝒚 (𝒑𝒏−𝟏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟏

) + 𝑭𝒏−𝟏,𝒚 (𝒑𝒏−𝟏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏−𝟏
)) = 𝟎

−𝟐𝒚𝒑𝒏 + 𝒚𝒑𝒏−𝟏 + 𝒚𝒈𝒐𝒂𝒍 + 𝑲
−𝟏 ∗ (𝑭𝒏,𝒚 (𝒑𝒏, 𝑶, 𝝃𝒔𝒂𝒇𝒆𝒏

) + 𝑭𝒏,𝒚 (𝒑𝒏, 𝑯, 𝝃𝒔𝒂𝒇𝒆𝒏
)) = 𝟎

 (29-b) 

 

The parameter 𝐾 is selected to minimize the 

term ‖𝑑𝑖𝑠𝑝‖𝜑 in (28), using Matlab’s fmincon 

optimization function, subject to the constraints 

specified in the system of (29). 

To determine the optimal value of the 

parameter 𝐾, the problem was formulated as a 

constrained nonlinear optimization task, in 

accordance with the implementation guidelines 

provided in the official MathWorks 

documentation. 

In this formulation, the parameter 𝐾 does not 

explicitly appear in the objective function (28), 

which depends only on the trajectory points. 

Nevertheless, 𝐾 affects these points indirectly 

through the set of equality constraints defined in 

(29). The initial value of 𝐾, along with its lower 

and upper bounds, are also specified in the 

optimization process. 

Once the value of 𝐾 is determined, (21) is 

revisited to compute the parameter 𝑇 and update 

the trajectory coordinates accordingly. Whenever 

the UAV approaches an obstacle or the 

hyperplane separating it from another UAV, the 

corresponding surfaces act as virtual walls 

constraining the UAV’s motion. Accordingly, the 

obstacle and hyperplane force models are 

formulated in (30) and (31), respectively: 

𝑭𝑖(𝒑𝑖, 𝑶) =  𝑟𝑜𝑏𝑠 − 𝒑𝑖(𝑡) (30) 
𝑭𝑖(𝒑𝑖, 𝑯) =  𝑟ℎ𝑦𝑝 − 𝒑𝑖(𝑡) (31) 

 

By employing (30), (31), and (27), the 

following state equation can be formulated for the 

x-direction: 

[𝒙̇𝒊]𝑛×1 =
1

𝑇
∗ [[𝑨]𝑛×𝑛 ∗ [𝒙𝒊]𝑛×1 + [𝑷𝒔,𝒕]𝑛×1 + 𝐾

−1

∗ [[𝒓𝒐𝒃𝒔 − 𝒙𝑖]𝑛×1

+ [𝒓𝒉𝒚𝒑 − 𝒙𝑖]𝑛×1
]], 

[𝒙̇𝒊]𝑛×1 =
1

𝑇
∗ ([𝑨]𝑛×𝑛 − 2 ∗ 𝐾

−1 ∗ [𝑰]𝑛×1)⏟                    
𝑆

∗

[𝒙𝒊]𝑛×1 +
1

𝑇
∗           [𝑷𝒔,𝒕]𝑛×1 +

𝐾−1

𝑇
∗ (𝒓𝒐𝒃𝒔 +

𝒓𝒉𝒚𝒑) ∗ [𝑰]𝑛×1, 

(32) 

 

The matrix 𝑆 is a tridiagonal Toeplitz system 

matrix, whose eigenvalues can be calculated using 

(33). For 𝑖 = 1 , it results that 𝜆1 = 𝜆𝑚𝑎𝑥 =
3
𝑇𝑚𝑎𝑥
⁄ , and (33) can be solved for 𝑇, where 

𝑇𝑚𝑎𝑥,𝑑  is the required settling time: 

𝜆𝑖 =
1

𝑇
∗ [−2 + 2 𝑐𝑜𝑠(𝑖 ∗ 𝜋 𝑛 + 1⁄ ) − 2 ∗ 𝐾−1] (33) 

𝑇 =
1

3
[2 − 2 𝑐𝑜𝑠(𝜋 𝑛 + 1⁄ ) + 2 ∗ 𝐾−1]

∗ 𝑇𝑚𝑎𝑥,𝑑 
(34) 

 

By applying the backward Euler method, 𝒑̇ is 
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discretized to solve the transition between two 

successive trajectory states, 𝒑(𝒌) and 𝒑(𝒌+𝟏), with 

the discrete time 𝑡𝑘 and a fixed time step ∆𝑡 =
𝑡𝑘+1 − 𝑡𝑘. Using this approach, the system of 

differential equations in (21) is solved, leading to 

the following expression: 

𝒑𝒊
(𝒌+𝟏)

= 𝒑𝒊
(𝒌)

+ 
1

𝑇
[𝑨 ∗ 𝒑𝒊

(𝒌+𝟏)
+ 𝐾−1

∗ (𝑭𝒊
(𝒌)
(𝒑𝒊(𝑡𝑘), 𝑶(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊

(𝑡𝑘))

+ 𝑭𝒊
(𝒌)
(𝒑𝒊(𝑡𝑘), 𝑯(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊

(𝑡𝑘))) + 𝒑𝒔,𝒕] ∆𝑡 

(35) 

 

Thus, 𝑝𝑘+1 is finally obtained by solving the 

iterative equation in (36): 

[𝑰 −
∆𝑡

𝑇
∗ 𝑨]

⏟        
𝐺

∗ 𝒑𝒊
(𝒌+𝟏)
⏟  
𝑋

= 𝒑𝒊
(𝒌)

+
1

𝑇
[𝐾−1

∗  (𝑭𝒊
(𝒌)
(𝒑𝒊(𝑡𝑘),𝑶(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊

(𝑡𝑘))

+ 𝑭𝒊
(𝒌)
(𝒑𝒊(𝑡𝑘),𝑯(𝑡), 𝝃𝒔𝒂𝒇𝒆𝒊

(𝑡𝑘))) + 𝒑𝒔,𝒕] ∆𝑡 

(36) 

 

The matrix 𝐺 is a tridiagonal coefficient 

matrix, structured as follows: 

𝐺 =

[
 
 
 
 
𝑏 𝑐 0 … 0
𝑎 𝑏 𝑐 ⋱ ⋮
0 𝑎 ⋱ ⋱ 0
⋮ ⋱ ⋱ 𝑏 𝑐
0 … 0 𝑎 𝑏]

 
 
 
 

;     𝑎 = 𝑐 = −
∆𝑡

𝑇
,   𝑏

= 1 + 2
∆𝑡

𝑇
 

(37) 

 

The system of linear equations given in (36), 

expressed in the form 𝐺 ∗ 𝑋 = 𝑊, is solved using 

Thomas's method [49]. In this equation, the only 

unknown is 𝒑𝒊
(𝒌+𝟏)

, representing the updated 

trajectory points coordinate (𝑥𝑖, 𝑦𝑖 , 𝑧𝑖). 
 

4. Results 

This study presents a performance metric 

designed to capture the primary objectives of the 

proposed approach, focusing on two key aspects: 

1. Trajectory enhancement: To ensure 

energy efficiency and motion feasibility, both 

quadrotors should follow trajectories with 

minimal snap. Additionally, the replanned 

trajectories should closely approximate the 

optimal trajectories obtained via the Dijkstra 

algorithm, in terms of trajectory length, effective 

obstacle avoidance, and maintaining safe 

distances from other quadrotors. 

2. Computational Efficiency: The 

computation time for generating new trajectories 

for both quadrotors should be minimized, 

enabling rapid adaptation to dynamic 

environmental changes. 

To verify that these requirements are satisfied, 

the following evaluation criteria are employed: 

• Trajectory Length Evaluation: To 

evaluate the deviation from the original optimal 

trajectory computed using Dijkstra’s algorithm, 

the total lengths of the trajectories before and after 

replanning are compared for both quadrotors. The 

results are reported in Table1. 

• Computation Time Evaluation: The 

method’s ability to respond in real-time is 

evaluated by analyzing the time required to 

compute new trajectory points during the 

replanning process. 

• Method Comparison: The proposed 

approach is further evaluated through comparison 

with the NMPC technique, demonstrating 

improved trajectory efficiency along with a 

significant reduction in computation time, as 

illustrated in Table 1. 

This section presents the simulation 

environment used to evaluate the proposed 

method, which is implemented in 

Matlab/Simulink. The quadrotor platform 

considered in the simulations is the Crazyflie 2.1, 

a racing-type UAV. The vehicle has a mass of 

0.027 𝑘𝑔 , and moments of inertia given by 𝐼𝑥𝑥 =
1.43 × 10−5 𝑘𝑔.𝑚2, 𝐼𝑦𝑦 = 1.43 × 10

−5 𝑘𝑔.𝑚2 , 

𝐼𝑧𝑧 = 2.89 × 10
−5 𝑘𝑔.𝑚2. The physical 

dimensions of the quadrotor are 0.092 × 0.092 ×
0.029 𝑚 (Width × Height × Depth), measured 

from motor axis to motor axis, including the 

motor mount feet. 

The applied disturbance bounds are determined 

based on realistic assumptions regarding wind 

disturbances, although they do not represent 

worst-case scenarios. These disturbances are 

chosen to correspond to the size and 

characteristics of the Crazyflie 2.1 drone, drawing 

on previous experimental data and assumptions 

reported in earlier studies. Moreover, the intensity 

of the wind disturbances is carefully selected to 

match the thrust capabilities of the UAV. These 

disturbance levels are chosen to ensure that the 

UAV can maintain its trajectory and stability 

without exceeding the system's thrust limits, 

thereby ensuring consistent and reliable 

performance across varying environmental 

conditions. 

 The UAV considered in this study is an 

underactuated system, as the number of 
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independent control inputs, namely the four rotor 

thrusts, is fewer than the total number of degrees 

of freedom, which is six. Specifically, the UAV 

can directly control its vertical translational 

motion and rotational motions, including roll, 

pitch, and yaw. In contrast, horizontal 

translational motions along the x and y axes are 

achieved indirectly through attitude control by 

adjusting the roll and pitch angles. This 

underactuation property is taken into account in 

the control design and analysis presented in the 

paper. 

Because of this underactuation, the system 

exhibits zero dynamics, which correspond to the 

internal attitude dynamics that arise when the 

translational outputs are constrained or regulated 

to their desired values. Ensuring the stability of 

these zero dynamics is therefore essential for 

guaranteeing the overall stability of the UAV. 

In the proposed PD-based control scheme, a 

cascade control architecture is adopted: the outer-

loop PD controller generates the desired attitude 

references based on the position tracking errors, 

while the inner-loop PD controller stabilizes the 

attitude dynamics. As a result, the zero dynamics 

associated with the attitude subsystem remain 

stable due to the inner-loop PD controller. This 

cascade structure ensures the stability of the 

overall closed-loop system and enables accurate 

position tracking performance. 

The proposed method addresses trajectory 

replanning for racing UAVs, considering both 

mutual collision avoidance and obstacle 

avoidance in the presence of wind disturbances. 

To achieve this objective, the replanning 

procedure is carried out through the following 

main stages: 

1. Initially, a collision-free path is generated 

for each quadrotor using Dijkstra’s algorithm. 

Based on these paths, initial trajectories are then 

constructed using the Minimum Snap method. 

2. The safe ellipsoid, denoted as 𝜉𝑠𝑎𝑓𝑒, is 

computed for each quadrotor, while the quadrotor 

shape matrix 𝑄0,𝑢𝑎𝑣
𝑘+1  is continuously updated at 

each time step. 

3. The separating hyperplane between the 

safe ellipsoids 𝜉1(𝑋
𝑘 , 𝑄𝑠𝑎𝑓𝑒

𝑘 ) and 𝜉2(𝑋
𝑘 , 𝑄𝑠𝑎𝑓𝑒

𝑘 ), 

corresponding to the first and second quadrotors, 

respectively, is then calculated. 

4. The optimal value of parameter 𝐾, which 

determines the extent to which the trajectory 

shape is modified during the replanning process, 

is determined. 

5. The scalar parameter 𝑇, which influences 

the dynamic behavior of the trajectory adjustment 

process, is evaluated. 

6. Finally, the updated coordinates (𝑥, 𝑦, 𝑧) 
of the trajectory points at the next iteration 𝑝𝑘+1 
are computed. 

Initially, a path for each quadrotor is generated 

using Dijkstra’s algorithm, which serves as the 

foundation for designing the initial trajectory 

using the Minimum Snap technique. 

Subsequently, the safe ellipsoid 𝜉𝑠𝑎𝑓𝑒 for each 

quadrotor is computed according to (8), while the 

corresponding quadrotor’s shape matrix is 

continuously updated at each time step according 

to (9). 

The coordinates 𝑥𝑖, 𝑦𝑖, and 𝑧𝑖 of the trajectory 

points of each of the two quadrotors, obtained 

from the Dijkstra path, are substituted into (22) to 

compute the distance 𝑑(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) between the 

safe ellipsoid and the obstacles. This distance  is 

then used in (16) to evaluate 𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶). When 

the safe ellipsoid is located outside the obstacle’s 

reach (i.e., beyond its influence region), 

𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑶) is set to zero. Finally, 𝑫(𝝃𝒔𝒂𝒇𝒆𝒊

, 𝑶) 

is substituted into (18) to determine the force 

𝑭𝒊(𝒑𝒊, 𝑶, 𝝃𝒔𝒂𝒇𝒆) acting on the trajectory point 𝒑𝒊. 

Similarly, 𝑫(𝝃𝒔𝒂𝒇𝒆𝒊
, 𝑯) is computed to evaluate 

the force 𝑭𝒊(𝒑𝒊, 𝑯, 𝝃𝒔𝒂𝒇𝒆) induced by the 

separating hyperplane 𝑯. The resulting external 

force 𝑭𝒊(𝒑𝒊, 𝑶,𝑯)influencing the trajectory is 

obtained by summing the obstacle-induced and 

hyperplane-induced forces, 

namely𝑭𝒊(𝒑𝒊, 𝑶, 𝝃𝒔𝒂𝒇𝒆) and 𝑭𝒊(𝒑𝒊, 𝑯, 𝝃𝒔𝒂𝒇𝒆). 

The force itself is influenced by the 

quadrotor’s proximity to obstacles and to the other 

quadrotor, as well as the magnitude of the wind 

disturbance. The parameter 𝐾 is determined using 

Matlab’s fmincon function by minimizing the 

expression ‖𝒅𝒊𝒔𝒑‖𝝋 in (28), subject to the 

constraints specified in (29). 

An occupancy map is employed to model an 

environment containing three obstacles that form 

a narrow corridor. Fig. 7b illustrates this 

environment, in which both quadrotors safely 

navigate from their respective starting points 
[1, 8.5, 5]𝑚 and [1, 10.5, 4]𝑚 to their assigned 

target points [17.5, 7, 0]𝑚 and [17.5, 12, 1]𝑚, 
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respectively, while being subjected to wind 

disturbances with components of [0, 0.3, 0]𝑁 

along the x, y, and z axes. 

Fig. 6 shows the top view of the initial 

trajectories for the two quadrotors, with red and 

purple representing the first and second 

quadrotors, respectively. These trajectories were 

generated using the Minimum Snap Trajectory 

Generation approach, based on the paths obtained 

from the Dijkstra algorithm for each quadrotor. 

Nevertheless, as can be seen, the initial 

trajectories are suitable, as they bring the 

quadrotors dangerously close to obstacles. 

Moreover, it's essential to avoid any potential 

collisions between the two quadrotors during 

mission execution. The presence of wind 

disturbances further complicates the situation, 

making the planned paths less reliable and 

increasing the risk of collisions. 

At each time step, a safe ellipsoid is 

constructed around each quadrotor, with red 

representing the first quadrotor and blue 

representing the second. A light blue hyperplane 

is then formed to separate the two ellipsoids, 

while the green dashed line indicates the shortest 

distance between their closest points at that 

specific moment. 

Fig. 7 illustrates the initial (dashed) and 

replanned (solid) trajectories of the quadrotors, 

with red corresponding to the first quadrotor and 

blue to the second.  

As shown in Fig. 7a, which provides a top 

view of the environment, the initial dashed 

trajectory is pushed away from obstacles as the 

quadrotor gets closer to those obstacles and is 

influenced by the wind disturbance, resulting in 

the solid-line replanned trajectory.  

In the 3D view presented in Fig. 7b, the 

trajectories of the two quadrotors diverge due to 

the separating hyperplane generated between their 

respective safe ellipsoids. As the quadrotors 

approach each other, the replanned trajectory of 

the first quadrotor (red) rises, while the second 

quadrotor’s trajectory (blue) descends, ensuring 

safe separation. 

 
Fig. 6. The top view of the initial trajectory of the two 

quadrotors affected by wind disturbance 

 

 
(a) 

 

(b) 
 

Fig. 7. Initial and replanned trajectory of the two 

quadrotors. (a) Top view, (b) 3D view 

In an environment containing multiple 

obstacles and subjected to a wind disturbance with 

a magnitude of [0.2, 0.1, 0]𝑁, Fig. 8 presents the 
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initial trajectories of both quadrotors as dashed 

lines. At each time step, a safe ellipsoid is 

generated around each quadrotor. The first 

quadrotor travels from [2, 12, 0.5]𝑚 to 
[16, 15, 3]𝑚, while the second moves from 
[2, 12, 3]𝑚 to [16, 15, 0.5]𝑚. The zoomed-in 

section in Fig. 8 highlights how the two safe 

ellipsoids approach each other closely, indicating 

a potential collision risk. 

Fig. 9 shows the trajectories after replanning 

using the proposed approach. The zoomed-in 

section reveals that the two quadrotors now 

maintain a larger separation, effectively reducing 

the risk of collision. 

 

 
Fig. 8. Initial trajectory of the two quadrotors in the presence of wind disturbance 

 

 
Fig. 9. Initial and replanned trajectory of the two quadrotors under wind disturbance
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4.1. Comparison 

The proposed approach was evaluated against the 

NMPC technique, which modifies the trajectory 

of the quadrotors in response to external 

disturbances. NMPC determines control inputs at 

each control step using model-based predictions 

combined with constrained optimization. 

To ensure a fair comparison, both the proposed 

method and the NMPC technique employed the 

same system dynamics model, UAV parameters, 

and actuator constraints. Identical external 

disturbance profiles and obstacle configurations 

were applied to both approaches. 

The NMPC formulation was solved using 

Matlab’s optimization toolbox, with the prediction 

horizon and sampling period chosen to guarantee 

numerical stability. All simulations were executed 

on the same computer under identical 

computational settings. 

This configuration ensures that the comparison 

focuses purely on the control performance and 

computational efficiency of the two algorithms. 

To evaluate performance against the proposed 

method, the NMPC framework was configured 

with a sampling time of 𝑇𝑠 = 0.21 𝑠𝑒𝑐, a 

prediction horizon of 8 steps, and a control 

horizon of 2 steps. Custom inequality constraints 

were incorporated into the NMPC formulation to 

represent both obstacles and separating 

hyperplanes. 

The sampling time interval is selected based on 

the system dynamics and the level of accuracy 

required for trajectory adjustment. In particular, 

the chosen interval reflects a trade-off between 

computational efficiency and precision, ensuring a 

stable and accurate system response within the 

specified time horizon. 

Decreasing the sampling time enhances 

accuracy and improves the system's stability time, 

but increases computational load. Conversely, 

increasing the sampling time reduces the 

computational burden but may lead to slower 

system stabilization and less precise trajectory 

adjustments. Additionally, the processing 

capability and computational speed of the 

hardware installed on the quadrotor impose 

limitations on the achievable sampling rate. 

Wind disturbances acting on the quadrotors 

were modeled as an average force of 

[0.1, 0.2,0] 𝑁, integrated within the quadrotors' 

dynamic model, and modulated during simulation 

according to [0.1, 0.2, 0] ∗ (1 + 0.2 ∗ sin 𝑡)𝑁. 

Initially, Dijkstra's algorithm was employed to 

compute a separate path for each quadrotor. The 

first quadrotor moves from the starting point 

[0, 9, 1]𝑚 to the destination [10.5, 7, 0]𝑚, while 

the second quadrotor travels from [0, 10.2, 1]𝑚 to 

[10.5, 12, 0]𝑚. These paths were then used to 

construct smooth trajectories, depicted by red 

dashed lines (right side for the first quadrotor, and 

left side for the second), by solving a quadratic 

program based on the minimum snap trajectory 

optimization approach. 

The trajectories derived from the Dijkstra paths 

were adjusted using the proposed approach to 

account for wind disturbances and the presence of 

the other quadrotor, producing the blue 

trajectories. On the other hand, the NMPC method 

generated the pink trajectories under the same 

conditions. A summary of the simulation 

outcomes is presented in Table 1 for comparison. 

According to Table 1, the trajectories 

generated from the Dijkstra-based paths have total 

lengths of 12.1880 𝑚 and 12.0751 𝑚 for the first 

and second quadrotors, respectively. After 

replanning with the proposed method, the lengths 

increased slightly to 12.2694 𝑚 for the first 

quadrotor and 12.3809 𝑚 for the second. In 

contrast, the NMPC approach produced shorter 

trajectories measuring 9.3515 𝑚 and 9.3394 𝑚 

for the first and second quadrotors, respectively. 

Despite producing shorter trajectory lengths, 

the NMPC approach results in trajectories that 

pass uncomfortably close to obstacles, as 

illustrated in Fig. 10, particularly in the vicinity of 

the final obstacle. In contrast, the proposed 

method consistently preserves safer clearance 

margins throughout the entire flight. The 

minimum snap trajectory is formulated by 

minimizing the integral of the squared snap, 

defined as the fourth derivative of position, over 

the motion duration. The objective is to minimize 

snap values, resulting in highly smooth motion 

profiles. Additionally, trajectory smoothness can 

also be evaluated by computing the integral of the 

squared crackle, corresponding to the fifth 

derivative of position, over time. Lower values of 

this metric indicate smoother trajectory profiles. 

As reported in Table 1, the proposed approach 
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achieves minimum snap values of 1.0722 𝑚2/

𝑠7 and 0.4689 𝑚2/𝑠7 for the first and second 

quadrotors, respectively, along with 

corresponding smoothness values of 0.1027 𝑚2/

𝑠9 and 0.0413 𝑚2/𝑠9. In contrast, the NMPC 

method yields higher snap values of 9.1318 𝑚2/

𝑠7 for the first quadrotor and 6.7270 𝑚2/𝑠7 for 

the second, in addition to increased smoothness 

values of 2.1982 𝑚2/𝑠9 and 1.5626 𝑚2/𝑠9. 

These results demonstrate that the proposed 

method generates significantly smoother and more 

efficient trajectories compared to the NMPC 

approach. 

In terms of computational efficiency, the 

proposed method shows a pronounced advantage 

over NMPC. The total computation time required 

to generate the trajectories for both quadrotors 

using the proposed technique was 26.3636 𝑠𝑒𝑐, 

with a replanning time of only 0.0088919 𝑠𝑒𝑐. 

Conversely, the NMPC method required 

52.487373 𝑠𝑒𝑐 for trajectory generation and 

0.260695 𝑠𝑒𝑐 for replanning. 

To assess the safety performance of both 

approaches, the average minimum distance 

between the quadrotors and the surrounding 

obstacles was computed. 

As summarized in Table 1, the NMPC-based 

trajectories achieved an average minimum 

distance of 0.226 𝑚, whereas the proposed 

method achieved a larger clearance of 0.3005 𝑚. 

This outcome indicates that the proposed 

approach tends to maintain greater clearance from 

obstacles, reflecting an enhanced level of safety.  

Nevertheless, additional experiments with 

more quadrotors and a wider range of scenarios 

are required to validate the robustness of this 

safety improvement under different conditions. 

 One of the key advantages of the proposed 

method is its ability to regulate sensitivity to 

external disturbances. In scenarios characterized 

by strong wind conditions or complex 

environmental factors, increasing the system's 

sensitivity becomes crucial to maintaining a safe 

clearance around obstacles. Furthermore, in 

environments containing a large number of 

obstacles, higher sensitivity enables more 

effective obstacle avoidance and enhances overall 

safety. This adjustable sensitivity provides the 

system with greater adaptability to varying 

environmental conditions, resulting in more 

reliable and secure operation across diverse 

settings. 

As mentioned previously, the parameter 𝐾 is 

determined by minimizing the displacement 

‖𝒅𝒊𝒔𝒑‖𝝋 in (28) using Matlab’s fmincon 

function, subject to the constraints defined in 

system (29).  

The initial value of 𝐾, along with its lower and 

upper bounds and the parameter 𝑇𝑚𝑎𝑥,𝑑, directly 

affect the dynamic coefficient 𝑇, as formulated in 

(34). Consequently, 𝑇 governs both the extent of 

trajectory deviation and the system’s sensitivity to 

external disturbances. In particular, larger values 

of 𝑇 lead to greater trajectory deviations, which 

enhances the system’s ability to respond to 

environmental disturbances. 

The objective of this study is to compare the 

trajectory generated by the proposed method for 

different values of the parameter 𝑇𝑚𝑎𝑥,𝑑 (and 

consequently 𝑇) with that obtained using the 

NMPC approach, to evaluate the system’s 

sensitivity under the same wind disturbance 

conditions. The configuration shown in Fig. 10 is 

used as a basis for comparing the influence of 

𝑇𝑚𝑎𝑥,𝑑 variation, under the same wind disturbance 

and the same obstacles (𝐾 = 0.111 and 𝑇𝑚𝑎𝑥,𝑑 =

0.5 [𝑠𝑒𝑐] for this particular scene). Increasing the 

settling time 𝑇𝑚𝑎𝑥,𝑑 leads to a longer trajectory 

and a larger clearance from obstacles, which 

reflects an increased sensitivity of the system to 

wind disturbances. On the other hand, decreasing 

𝑇𝑚𝑎𝑥,𝑑 reduces the overall trajectory length, 

resulting in trajectories that come closer to 

obstacles. The corresponding changes in the 

trajectory are shown in Fig. 11a and Fig. 11b, and 

summarized in Table 2. 

These variations are achieved while 

maintaining acceptable values for minimum snap, 

smoothness, and computation time. Moreover, 

these performance metrics remain favorable in 

comparison with the NMPC method, as 

summarized in Tables 1 and 2. 
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(a) 

 

 
(b) 

Fig. 10. (a) 3D view, (b) Top view showing the 

replanning of trajectories derived from the Dijkstra 

path (red dashed trajectories) using the proposed 

method (blue trajectories) and the NMPC method 

(pink trajectories) 

 

 
(a) 

 

 
(b) 

Fig. 11. Top view showing the replanning of 

trajectories derived from the Dijkstra path (red 

dashed trajectories) using the NMPC method (pink 

trajectories). (a) The proposed method (blue 

trajectories) 𝑻𝒎𝒂𝒙,𝒅 = 𝟎. 𝟗𝟗[𝒔𝒆𝒄], (b) The proposed 

method (blue trajectories) 𝑻𝒎𝒂𝒙,𝒅 =  𝟎. 𝟑𝟑𝟒[𝒔𝒆𝒄] 
 

Table (1): Evaluation of trajectory characteristics and simulation outcomes using the proposed approach 

versus the NMPC technique 

 

The initial trajectory 

resulting from the 

Dijkstra path 

NMPC 

Proposed method 

𝑇𝑚𝑎𝑥,𝑑 = 0.5[𝑠𝑒𝑐] 

𝐾 = 0.111 

Uav1 Uav2 Uav1 Uav2 Uav1 Uav2 

Total trajectory length [m] 12.1880 12.0751 9.3515 9.3394 12.2694 12.3809 

Minimum snap of trajectory [𝑚2/𝑠7] - - 9.1318 6.7270 1.0722 0.4689 

Smoothness of trajectory [𝑚2/𝑠9] - - 2.1982 1.5626 0.1027 0.0413 

Minimum Distance to Obstacles [m] - - 0.186 0.266 0.313 0.288 

Average Minimum Distance [m] - - 0.226 0.3005 

Overall Computation Time for Both 

Trajectories[sec] 
- - 52.487373 26.3636 

Replanning time [sec] - - 0.260695 0.0088919 
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Table (2): Evaluating the sensitivity of the proposed method for the same magnitude of wind disturbance 

[𝟎. 𝟏, 𝟎. 𝟐, 𝟎] 𝑵 and for different values of the settling time 𝑻𝒎𝒂𝒙,𝒅 

 

Proposed method  

 𝑇𝑚𝑎𝑥,𝑑 = 0.99[𝑠𝑒𝑐] 

 𝐾 = 0.111 

𝑇𝑚𝑎𝑥,𝑑 =  0.334[𝑠𝑒𝑐] 

𝐾 = 0.111 

Uav1 Uav2 Uav1 Uav2 

Total trajectory length [m] 12.4166 12.6470 12.1842 12.1838 

Minimum snap of trajectory [𝑚2/𝑠7] 1.0467 0.5848 1.1663 0.4211 

Smoothness of trajectory [𝑚2/𝑠9] 0.0995 0.0517 0.1124 0.0374 

Minimum Distance to Obstacles [m] 0.400 0.365 0.227 0.210 

Average Minimum Distance [m] 0.3825 0.2185 

Overall Computation Time for Both Trajectories [sec] 24.4669 27.6348 

Replanning time [sec] 0.008189 0.013051 

 

Building upon the previous example, a more 

challenging scenario is investigated to evaluate 

the robustness of the proposed method. In this 

scenario, two UAVs operate within the same 

environment, which contains four obstacles, and 

are subject to wind disturbances. 

Unlike the previous case, the target is not a 

single fixed point, but rather reaching the green 

region. The trajectory adjustments resulting from 

the application of the proposed method to modify 

the Dijkstra-generated path under wind 

disturbance are shown in Fig.12a and Fig. 12b. 

In Fig. 12a, the target point of the second 

quadrotor, represented by the blue trajectory, is 

fixed at [10.5, 12, 0] 𝑚, and the Dijkstra 

trajectory is adjusted to account for wind 

disturbances while ensuring obstacle avoidance. 

In contrast, Fig. 12b depicts a slightly different 

target for the second quadrotor, located at 
[10.5, 11, 0] 𝑚, which represents another feasible 

point within the green region. A notable 

advantage of the proposed method is its ability to 

choose between multiple candidate Dijkstra 

trajectories based on the severity of the wind 

disturbance. Specifically, the method evaluates 

the size of the resulting safe ellipsoid and its 

proximity to surrounding obstacles before 

generating the corrected trajectory. By comparing 

these criteria, the algorithm selects the less risky 

Dijkstra trajectory for modification, even if this 

choice results in a longer overall trajectory. This 

design prioritizes safety, emphasizing collision 

avoidance and robustness over minimizing the 

trajectory length. 

 

 
(a) 

 

 
(b) 

Figure. 12. Wind-aware modification of initial 

Dijkstra trajectories using the proposed method in 

the presence of obstacles. (a) Trajectory 

modification with the target selected from the green 

feasible region at [𝟏𝟎. 𝟓, 𝟏𝟐, 𝟎] 𝒎, (b) Trajectory 

modification with the target selected from the green 

feasible region at [𝟏𝟎. 𝟓, 𝟏𝟏, 𝟎]𝒎 
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While this paper addresses the estimation and 

replanning of trajectories for two quadrotors 

simultaneously, several important limitations 

remain. First, the performance and stability of the 

system under strong and unstable wind conditions, 

which can cause significant variations, have not 

been fully examined. This highlights the need for 

further research to evaluate and improve the 

algorithms under more extreme environmental 

conditions, ensuring safe and reliable operation 

across a wider range of scenarios. 

Second, the operational conditions in highly 

constrained and complex environments, where the 

movement space of the quadrotors is extremely 

limited, the risk of interference or collisions is 

high, or the number of quadrotors is large, have 

not been thoroughly investigated. In such 

scenarios, additional challenges emerge, including 

more precise collision avoidance, enhanced 

coordination among the quadrotors, and optimal 

management of resources and trajectories. 

Addressing these challenges requires the 

development of more advanced algorithms and 

more accurate modeling techniques, which are 

essential to enabling broader and safer practical 

applications of multiple quadrotors in crowded 

environments. 

Finally, it is important to note a limitation of 

the proposed disturbance estimation approach. In 

the current model, wind disturbance is represented 

as the combination of a nominal force estimated 

by VID-Fusion (or other estimators) and a 

bounded noise term. However, this estimation is 

based on the average intensity of the wind rather 

than its instantaneous value, which may lead to 

minor inaccuracies when wind conditions change 

rapidly. 

 

5. Conclusion 

Despite notable advancements in motion planning 

for UAVs, many techniques still face challenges 

in addressing specific issues. One of the primary 

concerns is ensuring effective collision avoidance, 

especially in dynamic and cluttered environments 

where wind disturbances or interactions with other 

UAVs may occur. 

This paper introduces a systematic framework 

for replanning the trajectory of two UAVs racing 

in a restricted space, in the presence of unknown 

wind forces. While preserving essential features 

such as obstacle avoidance and safety, the initial 

UAV trajectories are modified using a virtual 

force field. This adjustment is based on (i) the safe 

ellipsoid for each UAV, generated by the 

Minkowski sum of the FRSs error approximation 

due to wind disturbance and the ellipsoid 

representing their physical dimensions, (ii) the 

separating hyperplane between the resulting safe 

ellipsoid of each UAV, (iii) the specifications and 

dimensions of the obstacles, and (iv) the pre-

planned trajectories.  

The method is simulated in Matlab, and the 

outcomes indicate its efficiency in achieving safe 

trajectory replanning, even in the presence of 

external disturbances and other UAVs operating 

in the same environment. Compared to the NMPC 

method, the proposed strategy exhibited enhanced 

trajectory smoothness and notably reduced 

computational time. 

 

Appendix A 

Mathematical Background of Hamilton-Jacobi 

Reachability and Forward Reachable Sets [48, 

50]: 

Let 𝑙: ℝ𝑛 → ℝ denote a convex function which 

satisfies 𝒳0 = {𝑦|𝑙(𝑦) ≤ 0}. The function 𝑙 is 

used to check whether a particular state belongs to 

𝒳0. 
Consider the cost functional 𝐽: ℝ𝑛 × ℝ𝑚 ×

[𝑡0, 𝑡𝑁] → ℝ defined as: 

𝐽(𝑥, 𝜔, 𝑡) = 𝑙(𝑥(𝑡0)) + ∫ 𝐿(𝜔(𝜏))𝑑𝜏
𝑡

𝑡0

 (A-1) 

 

Here, the function 𝐿:ℝ𝑚 → ℝ represents the 

running cost for the boundedness of disturbances, 

ensuring that: 

𝐿(𝜔) = {
0   𝜔 ∈ 𝒲,
∞  𝜔 ∉ 𝒲.

 (A-2) 

 

The value function 𝑉:ℝ𝑛 × [𝑡0, 𝑡𝑁] → ℝ is the 

minimum of the cost over all possible 

disturbances: 

𝑉(𝑥, 𝑡) = min
𝜔
𝐽(𝑥, 𝑤, 𝑡) (A-3) 

 

The following theorem characterizes a 

temporal-spatial variation of the value function. 

Theorem A.1 Consider a nonlinear dynamics 

𝑓:ℝ𝑛 ×𝒲 × [𝑡0, 𝑡𝑁] → ℝ𝑛 as 𝑥̇(𝑡) =
𝑓(𝑥(𝑡), 𝜔(𝑡), 𝑡), where 𝑥(𝑡) ∈ ℝ𝑛 is state, 𝜔(𝑡) ∈
𝒲 ⊂ ℝ𝑚 is the unknown disturbance, 𝑡0 ∈ ℝ is 

the initial time, and 𝑡𝑁 > 𝑡0 ∈ ℝ represents a 

finite time horizon. 𝑛 and 𝑚 ∈ ℝ are the 

dimension of the state and disturbance, 

respectively. 𝒲 is a convex and bounded set of 

disturbances. Suppose 𝑓 is Lipschitz in (𝑥, 𝑡) and 

𝑙 is Lipschitz in 𝑥. For (𝑥, 𝜏) ∈ ℝ𝑛 × [𝑡0, 𝑡], 𝑉 in 

(A-3) is the unique viscosity solution to: 
𝜕𝑉(𝑥,𝜏)

𝜕𝑡
+𝐻 (𝑥,

𝜕𝑉(𝑥,𝜏)

𝜕𝑥
, 𝜏) = (A-4) 
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𝑜 𝑖𝑛 ℝ𝑛 × (𝑡0, 𝑡), 
𝑉(𝑥, 𝜏) = 𝑙(𝑥) 𝑜𝑛 ℝ𝑛 × {𝜏 = 𝑡0}, 

 

In this formulation, the Hamiltonian 𝐻:ℝ𝑛 ×
ℝ𝑛 × [𝑡0, 𝑡] → ℝ is defined as: 

𝐻(𝑥, 𝜆, 𝜏) ≔ max
𝜔∈𝒲

(𝜆 ∙ 𝑓(𝑥, 𝜆, 𝜏)). (A-5) 

The reachability problem indicates that there 

exists a sequence of disturbances capable of 

driving the state 𝑥 from the subzero level set of 

𝑉(𝑥, 𝑡0) to the level set of 𝑉(𝑥, 𝑡). 
In other words, the optimal disturbance 

sequence 𝜔∗(𝜏) can steer the state 𝑥 from the 

zero-level set of 𝑉(𝑥, 𝑡0) to the zero-level set of 

𝑉(𝑥, 𝑡). Consequently, the FRS can be 

characterized in terms of the value function as 

follows: 

𝒳(𝑡) = {𝑥|𝑉(𝑥, 𝑡) ≤ 0} (A-6) 

 

Appendix B 

Minkowski sum of rotational ellipsoids [51]: 

Consider two ellipsoids, 𝐴1and 𝐴2. For the 𝑖𝑡ℎ 

rotational ellipsoid, the shape matrix 𝑉𝑖 ∈ ℝ
3×3 is 

given by 𝑉𝑖 = 𝑈𝑖𝑆𝑖𝑈𝑖
𝑇 , where 𝑆𝑖 =

𝑑𝑖𝑎𝑔[1 𝛼2⁄ , 1 𝛽2⁄ , 1 𝛽2⁄ ], with 𝛼 and 𝛽 

representing the semi-major and semi-minor axes. 

The rotation matrices corresponding to each 

rotational ellipsoid are expressed as 𝑈1 = 𝐼 ∈
ℝ3×3, 𝑈2 =

[[cos𝜃 ,− sin𝜃, 0], [sin 𝜃 , cos 𝜃 , 0], [0,0,1]] ∈

ℝ3×3, where 𝜃 denotes the rotation angle between 

the major semi-axes. 

The position vector 𝑣𝑖 ∈ ℝ
3 of each rotational 

ellipsoid is assumed to be the zero vector, as it is 

not considered in the computation of the 

Minkowski sum. Therefore, the ellipsoid can be 

represented by the following equation, as 

illustrated in Fig. B.1: 

𝑞(𝑣𝑖 , 𝑉𝑖) = {𝑥 ∈ ℝ
3|(𝑥 − 𝑣𝑖)

𝑇𝑉𝑖(𝑥 −
𝑣𝑖) ≤ 1}, 
= {𝑥 ∈ ℝ3|𝑥𝑇𝑉𝑖𝑥 ≤ 1}. 

(B-1) 

 

 
Fig. B.1. Arrangement of the rotational ellipsoids 

A1 and A2 with the XYZ coordinate system 

The Minkowski sum, considered as the 

combination of sets, is defined as the set of all 

possible vector sums of points in 𝐴1 and 𝐴2, 

where 𝐴1 and 𝐴2 are subsets of the three-

dimensional Euclidean space ℝ3 representing the 

two rotational ellipsoids.  

To simplify the concept, we begin by picking 

an arbitrary element 𝑠1 ∈ 𝐴1 from the set 𝐴1. The 

Minkowski sum with the set 𝐴2 is then given by: 

𝑠1 + 𝐴2 = 𝑠1 + 𝑠2 ∈ ℝ
3|𝑠2 ∈ 𝐴2. (B-2) 

Considering the above Minkowski sum for 

every element 𝑠1 in 𝐴1, we obtain the following 

expression, which represents the combination of 

all possible vector sums: 

⋃ 𝑠1 + 𝐴2 =

𝑠1∈𝐴1

⋃ 𝑠1 + 𝑠2
𝑠1∈𝐴1

∈ ℝ3|𝑠2 ∈ 𝐴2 (B-3) 

 

A position vector 𝑟, which composes the 

contour of the Minkowski sum of convex sets, can 

be expressed as the sum of the position vectors 𝑟1 

and 𝑟2 of the two subsets. In this case, the normal 

vector remains the same. As illustrated in Fig. 

B.2, if 𝑛 is the unit normal vector at 𝑟, the 

following equality holds: 

𝑟 ∙ 𝑛 = 𝑟1 ∙ 𝑛 + 𝑟2 ∙ 𝑛 (B-4) 

 

 
Fig. B.2. The sum of position vectors r1 and r2 from 

ellipsoids 𝑨𝟏 and 𝑨𝟐 from the normal vector n, 

forming a point on the Minkowski sum. 

 

Since the boundary of a rotational ellipsoid, 

which is differentiable among closed convex sets, 

has a distinct unit normal vector at each point, the 

Minkowski sum is computed by considering all 

possible unit normal vectors in three-dimensional 

space. 
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