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Abstract:  
This paper proposes an adaptive Nonlinear Model Predictive Controller (NMPC) for hybrid 
position/velocity control of robot manipulators. Robot dynamics have generally uncertainties, including 
parameters variations, unknown nonlinearities of the robot, payload variations, and torque disturbances 
form the environment. The cost function of the NMPC is defined in such a way that by adjusting its 
weighting parameters, the end-effector of the robot tracks a predefined geometry path in Cartesian space 
with a constant velocity. Moreover, to eliminate the uncertainties, a neural network with Levenberg-
Marquardt training algorithm is used to estimate adaptively the model of the robot. The closed-loop 
stability is demonstrated using Lyapunov theory. The validity of the proposed control method is shown by 
simulation results on a 3-DOF robot manipulator actuated by DC servomotors. 
Keywords: Robot manipulators; Hybrid position/velocity control; Model predictive control; Neural-
network model; Levenberg-Marquardt algorithm, Lyapunov stability. 

 
1. Introduction1 
Nowadays, robot manipulators are widely used 
in many tasks such as industry, medicine, 
military and space. One of the main reasons for 
using manipulators is to replace human in doing 
long and repetitive operations and very precise or 
even unhealthy tasks. Welding and laser 
operations are two examples of such industrial 
tasks, which can be performed by these robots. In 
particular, in many applications, robot 
manipulators are needed to track a predefined 
path with constant velocity. 

Several approaches have been proposed in 
literatures for controlling various parameters of 
manipulators such as position, velocity, and 
force. These control schemes can be classified 
into two main categories: dynamic control and 
adaptive control. For example, a robust sliding-
mode controller with PID sliding function for 
tracking control of a robot manipulator was 
proposed in [1]. Liuzzo and Tomei designed an 
adaptive learning PD controller, which learns the 
input reference signals by identifying their 
Fourier coefficients [2]. A saturated nonlinear 
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PID regulator for industrial robot manipulators 
was proposed by Santibanez et al. [3].  And an 
adaptive control solution for the velocity 
problem of manipulators has been presented in 
[4].  

In recent decades, intelligent algorithms such 
as Neural Networks (NN) and fuzzy logic have 
been used in the controller designs to overcome 
various uncertainty problems in the system. For 
instance, an adaptive neuro controller for 
trajectory tracking of robot manipulators has 
been developed in [5]. A robust adaptive tracking 
controller for a general class of strict-feedback 
uncertain nonlinear systems that uses a fuzzy 
logic to approximate the uncertainties was 
presented in [6]. Nagata and Watanabe presented 
an integrated recurrent neural network with large 
variability of teaching signals as feedforward 
controller for robot manipulators [7].  And a 
fuzzy logic-based cost controller for position-
velocity control in nonlinear systems has been 
given in [8].  

Over the last few decades, a new class of 
control approach based on the so-called Model 
Predictive Control (MPC) algorithm has been 
proposed. The MPC (also referred to as moving-
horizon control or receding-horizon control) is an 
optimal control method that can handle the 
control and state constraints. In principle, MPC 
is a feedback control scheme, for which in each 
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sampling period, a finite-horizon optimization 
problem is solved.  Properties of MPC are well 
explained in many references such as [9--12]. 
However, in general, many systems are 
inherently nonlinear. Therefore, the class of 
MPC was later extended to nonlinear systems 
and is called Nonlinear MPC (NMPC) [10]. 
NMPC is especially popular in process control, 
where the slow system response makes the on-
line optimal control computations feasible. The 
application of MPC in the field of robotics was 
limited until a decade ago. A simplified approach 
of predictive control of robotic manipulators that 
directly introduces the complete dynamic model 
into the cost function was presented by Duchaine 
et al. [13]. Another literature presents a software 
implementation of NMPC algorithm to control 
the position of a 6-DOF manipulator [14]. A new 
formulation of the MPC for continuous-time 
nonlinear systems has been developed in [15], 
where the proposed method allows real-time 
optimization technique. More examples in this 
regard can be found in [16--18]. Moreover, 
various stability results for MPC schemes of 
different kinds of systems have been developed 
by many researchers; for example see [15, 19--
21]. 

In this paper, NMPC is used for hybrid 
position-velocity control of robot manipulators. 
In the proposed technique, a Multi-Layer 
Perceptron (MLP) NN with on-line Levenberg-
Marquardt training algorithm is used to estimate 
the model of the actuated robot in the 
optimization procedure of the NMPC. In this 
way, the controller can cope with uncertainties in 
parameters, varying payloads, etc. Moreover, by 
introducing an appropriate cost function, the 
simultaneous position-velocity control will be 
feasible and easy to implement. Another 
advantage of the proposed method is that it can 
be applied in the work space of the robot mainly 
due to the interesting abilities of the MPC. The 
proposed controller also ensures stability of the 
closed-loop system through Lyapunov theorem. 
The proposed method is applied to a 3 DOF 
manipulator. Simulation results show 
effectiveness of the proposed method in hybrid 
position/velocity control of such systems. 

This paper is organized as follows: Section 2 
describes the manipulators dynamics and the 
NMPC algorithm. Section 3 and section 4 
present the adaptive NMPC method and its 
stability analysis, respectively. Section 5 shows 
simulation results, followed by conclusion in 
Section 6. 

2. Problem Formulation 
2.1. Dynamic of Robot Manipulator 
Using the Euler-Lagrange formulation, the 
dynamics of robot manipulators with rigid serial 
links can be written as [22, 23] 
 

ሷܙሻܙሺۻ ൅ ,ܙሺ܋ ሶܙ ሻ ൅ ሻܙሺ܏ ൅ ሶܙሺ܎ ሻ ൌ ૌ     (1) 
 
where ܙ א ܴ௡ൈଵ is the vector of joint angles, 
ሻܙሺۻ א ܴ௡ൈ௡ is the symmetric and positive 
definite inertia matrix, ܋ሺܙ, ሶܙ ሻ א ܴ௡ is the 
centrifugal and Coriolis force vector, ܏ሺܙሻ א ܴ௡ 
is the gravity vector, ܎ሺܙሶ ሻ א ܴ௡ is the vector of 
joints friction of the links, ૌ א ܴ௡ is the torque 
vector of joints, and n is the degree of freedom. 
Friction for joint i can be expressed as [22] 
 
݂ሺݍሶ ሻ ൌ ሶ௜ݍ௩ܨ ൅ ሶ௜ሻݍௗsgnሺܨ (2) 
 
where ܨ௩ and ܨௗ are the coefficients of the 
viscous and dynamic frictions, respectively. 

The dynamics of the DC servomotors, which 
drive the links are expressed as [22] 

 
ૌࢋ ൌ  ࢇܑࢀ۹
ૌ௘ ൌ ۸௠ܙሷ ௠ ൅ ۰௠ܙሶ ௠ ൅ ૌ௠ 
௧܄ ൌ ௔ܑ௔܀ ൅ ௔଍ሶሶ௔ۺ ൅ ۹ாܙሶ ௠ 

(3) 

 
where ૌ௘ א ܴ௡ is the vector of 

electromagnetic torque, ۹் א ܴ௡ൈ௡ is the 
diagonal matrix of the motor torque constant, 
ܑ௔ א ܴ௡ is the vector of armature currents, 
۸௠ א ܴ௡ൈ௡ is the diagonal matrix of the moment 
inertia, ۰௠ א ܴ௡ൈ௡ is the diagonal matrix of 
torsional damping coefficients, ܙ௠, ሶܙ ௠, ሷܙ ௠ א ܴ௡ 
denote the vectors of motor shaft positions, 
velocities and accelerations, respectively, 
ૌ௠ א ܴ௡ is the vector of load torque, ܞ௧ א ܴ௡ is 
the vector of armature input voltages and 
,௔܀ ,௔ۺ ۹ா א ܴ௡ൈ௡ are the diagonal matrix of 
armature resistance, armature inductance and the 
back electromotive force coefficients, 
respectively. 

In order to apply the DC servomotors for 
actuating an n-link robot manipulator, the 
relationship between the robot joint and the 
motor shaft is 

 
ܴ௜ ൌ ௤೔

௤೘೔
ൌ ఛ೘೔

ఛ೔
,     ݅ ൌ 1, … , ݊                          (4) 

 
where ܴ௜ is the ith element of the diagonal 

and positive definite matrix, 
܀ ൌ diagሺܴଵ, ܴଶ, … , ܴ௡ሻ א ܴ௡ൈ௡ which in fact is 
the gear ratios for n joints. According to the fact 
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that the armature inductance is small and 
negligible, Eq. (3) can be expressed as [22] 

 

۸௠ܙሷ ௠ ൅ ൤۰௠ ൅
۹ா۹்

௔܀
൨ ሶܙ ௠ ൅ ૌ௠ ൌ

۹்

௔܀
 ௧ (5)ܞ

 
Substituting (1) and (3) in (5), the governed 

equation of n-link robot manipulator, including 
actuator dynamics, can be obtained as 

 
ሺ۸௠ ൅ ሷܙሻۻଶ܀ ൅ ൬۰௠ ൅

۹ா۹்

௔܀
൰ ሶܙ ൅ ܋ଶሺ܀   ൅ ܏ ൅ ሻ܎

ൌ
۹்܀

௔܀
 ௧ܞ

(6) 

 
Based on (6), the armature input voltages are 

considered as the control efforts. 
 

2.2. Model Predictive Control 
Algorithm 

The MPC is a model-based control technique 
where the control action is computed by means 
of a receding horizon (RH) strategy, which 
requires the solution of an optimization problem 
at each sampling time. In RH strategy, the 
prediction of the system output is used to 
calculate the control law; unlike classical control 
schemes, which use the past outputs of the 
system. The MPC schemes that are based on the 
nonlinear model of the system or consider non-
quadratic cost function and nonlinear constrains 
on the inputs and states, are called Nonlinear 
MPC (NMPC) [24]. From the theoretical point of 
view, the MPC algorithm can be expressed as 
follow.  

Consider the following nonlinear state-space 
model: 
௧ାଵܠ ൌ ݂ሺܠ௧,  ௧ሻ (7)ܝ

 
 

where ܠ௧ א ܴ௡ and ܝ௧ א ܴ௠ are the system state 
and control input, respectively. In this paper, it is 
assumed that function f  in (7) is continuous over 
ܴ௡ ൈ ܴ௠. Assume that the control objective is to 
regulate the system state to the origin under some 
input and state constraints represented by a 
compact set ܷ ⊆ ܴ௠ and a convex set ܺ ⊆ ܴ௡, 
respectively, both containing the origin. 
Denoting the prediction horizon and the control 
horizon by ௉ܰ and ஼ܰ ൑ ௉ܰ, respectively, the 
cost function can be defined as 

,൫ܷܬ ,௧|௧ݔ ௉ܰ൯ ൌ Φ൫ݔ௧ାேು|௧൯ ൅   ෍ ,ሺܮ ௧ା௝|௧ሻݑ
ேುିଵ

௝ୀ଴

 (8) 

 
where  denotes j-step ahead state prediction 
using (7), given the input sequence 
,௧|௧ݑ … , ௧|௧ݔ ௧ା௝ିଵ|௧ and the initial stateݑ ൌ  .௧ݔ
Moreover, ܷ ൌ ሾݑ௧|௧

் , … , ௧ାே಴ିଵ|௧ݑ
் ሿ் is the vector 

of the control moves that has to be optimized. 
The remaining predicted control moves can be 
computed with different strategies, e.g. by 
setting. Then, the NMPC control law is obtained 
by applying the following RH strategy as 
ሾݑ௧|௧

כ ଵ|௧ିܥ௧ାܰݑ    
כ ሿ: 

1. At time instant t, get xt. 
2. Solve the optimization problem (8) 

subject to U. 
3. Apply the first element of the solution 

sequence U to the optimization problem 
as the actual control action ݑ௧ ൌ  .௧|௧ݑ

4. Repeat from step 1 at time ݐ ൅ 1. 
 

3. NMPC Design for Position-Velocity 
Control  

The purpose of the position-velocity control 
of robot manipulators is to obtain a control law 
that forces the end-effector to track a given 
geometry path in the Cartesian space with 
desired velocity. Block diagram of the proposed 
NMPC is shown in Fig. 1. According to the 
NMPC algorithm, an appropriate cost function 
must have direct relation with the position and 
velocity errors of the end-effector in comparison 
with desired values. These errors can be 
expressed by Euclidean distance between the 
end-effector position and velocity in Cartesian 
space and their references as 

 
௉ܦ ൌ ඥሺݔ െ ௥ሻଶݔ ൅ ሺݕ െ ௥ሻଶݕ ൅ ሺݖ െ  ௥ሻଶ (9)ݖ
௏ܦ ൌ ඥሺݔሶ െ ሶ௥ሻଶݔ ൅ ሺݕሶ െ ሶ௥ሻଶݕ ൅ ሺݖሶ െ  ሶ௥ሻଶ (10)ݖ

 
where, ݔ, ,ݕ ሶݔ and ݖ , ሶݕ ,  ሶ are the end-effectorݖ
position and velocity components in the 
Cartesian space, respectively, and ݔ௥, ,௥ݕ  ௥ andݖ
,ሶ௥ݔ ,ሶ௥ݕ  ሶ௥ are the corresponding referenceݖ
position and velocity components, respectively. 
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Fig. 1. Block diagram of proposed NMPC 
 
One of the proper candidates for the cost 

function in the considered problem in this paper 
can be written as 

ܬ ൌ ෍ ௉ೖశೕ|ೖܦ
் ௉ೖశೕ|ೖܦ ൅ ௏ೖశೕ|ೖܦ

் ௏ೖశೕ|ೖܦܴ

ேು

௝ୀଵ

 (11) 

 
where ܳ ൒ 0 and ܴ ൒ 0 are the weighting 
parameters. The notation ܽሺ݉|݊ሻ indicates the 
value of a at instant m predicted at instant n. 
Since the range of variations of ܦ௉ and ܦ௏ are 
not the same, the two terms in (11) are 
normalized to [0 1]  using a simple map as 
follows: 

 

 ∑ ܳ ቆ௘
ವುೖశೕ|ೖ ି௘ವು೘೔೙

௘ವು೘ೌೣ ି௘ವು೘೔೙
ቇ ൅ ܴ ቆ௘

ವೇೖశೕ|ೖ ି௘ವೇ೘೔೙

௘ವೇ೘ೌೣ ି௘ವೇ೘೔೙
ቇேು

௝ୀଵ   (12) 

 
where ሾܦ௉௠௜௡, ,௏௠௜௡ܦ௉௠௔௫ሿ and ሾܦ  ௏௠௔௫ሿ areܦ
the range of variations for ܦ௉ and ܦ௏ 
respectively. In the proposed control scheme, a 
Multi-Layer Perceptron (MLP) NN with one 
hidden layer is used to estimate the model of the 
manipulator, with actuators dynamics, for 
predicting the robot behavior. MLP is the most 
commonly used NN architecture due to its 
structural flexibility, good representational 
capabilities and availability of a large number of 
training algorithms [25]. For this purpose, six 
NNs with similar structure (as shown in Fig. 2) 
are used to estimate the system states (joint 
angels and velocities) at the next sampling time. 
The inputs to these NNs are all system states 
(three joint angles and three joint velocities) plus 
the corresponding control signal of that joint at 
the current sampling time (Fig. 2). An on-line 
training method is employed to adapt the NN 

model to uncertainties such as payload variations 
and parameters uncertainties. Hence, the NN 
does not need any off-line training. However, 
some mild off-line training could give the 
controller the benefit not to apply irrational 
control signals to the robot at the beginning of 
operation. The Levenberg-Marquardt algorithm 
has been used for off-line and on-line training. 
This is a numerical optimization technique that 
has been designed for minimizing functions that 
are sums of squares of other nonlinear functions; 
hence, it is well suited for training NNs such as 
MLP, where the performance index is the sum of 
squared errors. Moreover, this algorithm 
provides a balanced compromise between the 
speed of the Newton’s method and the 
guaranteed convergence of the steepest descent 
scheme [25]. Appendix of this paper provides a 
brief review of the Levenberg-Marquardt 
training algorithm. The NNs are trained off-line 
using data obtained from the approximate robot 
dynamics via input voltages as  

 

 
Fig. 2. The NN model for estimating the i th joint 

angle 
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Fig. 3. The end-effector motion with input voltages as Eq. (13) 

  
  

  
 

 
Fig. 4. Test results of two NNs 

 
 

Table 1. NNs Mean-Squared errors 
NN 6 
ሺݍሶ 3ሻ  

NN 5 
ሺݍሶ 2ሻ  

NN 4 
ሺݍሶ 1ሻ  

NN 3 
ሺ3ݍሻ  

NN 2 
ሺ2ݍሻ  

NN 1 
ሺ1ݍሻ  

NNs 
 

Errors 

0.252 0.2115 0.1106 0.0181 0.0021 0.0026 Mean-Squared errors 
of NNs train 

0.1023 0.0624 0.0242 0.0104 0.0004 0.0005 Mean-Squared errors 
of NNs test 
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Fig. 5. Training parameter variations of the NNs 

 
ሻݐଵሺݑ 

ൌ 16݁
ିሺ௧ିଷ଴ሻమ

ଵହ଴ cosሺ0.6ݐሻ              
൅ 10݂ሺݐ, ሾ30 90 30 120ሿሻ sinሺ0.09ݐሻ
൅ 3݂ሺݐ, ሾ30 160 20 200ሿሻሺsinሺ1.5ݐሻ ൅ 0.08ሻ
െ 2.5݂ሺݐ, ሾ10 180 10 210ሿሻ
൅ 14݁଴.଴ଷ௧ିଽሺsinሺ0.3ݐሻ ൅ 1.5 sinሺݐሻ ൅ sinሺ3ݐሻ
൅ 0.8ሻ 

 

ሻݐଶሺݑ

ൌ 15݁
ିሺ௧ିଶ଴ሻమ

ଵ଺଴ ሺsinሺݐሻ ൅ 0.6ሻ
൅ 8.5݂ሺݐ, ሾ30 90 30 80ሿሻሺsinሺ0.8ݐሻ ൅ 0.05ሻ
൅ ݂ሺݐ, ሾ10 160 10 190ሿሻ
൅ 5݂ሺݐ, ሾ30 130 20 170ሿሻሺsinሺ0.5ݐሻ
൅ 1.5 sinሺݐሻ ൅ sinሺ3ݐሻ ൅ 0.6ሻ
൅ 12݁଴.଴ଵ௧ିଷሺsinሺ0.1ݐሻ ൅ 0.2ሻ

 

 

ሻݐଷሺݑ

ൌ 6݁
ିሺ௧ିଵହሻమ

ଵସହ ሺsinሺ0.5ݐሻ ൅ 1.5 sinሺݐሻ ൅ sinሺ3ݐሻ
൅ 0.49ሻ
൅ 2݂ሺݐ, ሾ10 60 20 120ሿሻ ሺsinሺ0.5ݐሻ െ 0.35ሻ
൅ 3݂ሺݐ, ሾ20 130 20 160ሿሻሺsinሺ0.4ݐሻ ൅ 0.8ሻ
൅ 11݁଴.଴ହ௧ିଵହሺcosሺ0.5ݐሻ ൅ 0.4ሻ
൅ 3.5݂ሺݐ, ሾ10 190 10 220ሿሻሺsinሺݐሻ െ 0.3ሻ 

 

  ݂ሺݐ, ሾݏଵ ܿଵ ݏଶ ܿଶሿሻ ൌ gauss2mfሺݐ, ሾݏଵ ܿଵ ݏଶ ܿଶሿሻ   
(13) 

 

where gauss2mf is a MATLAB function that 
generates a semi-Gaussian signal. Using these 
inputs, the end-effector passes various points in 
the task space as shown in Fig. 3. The NNs mean 
squared errors in two cases (train and test) are 
given in Table 1. Moreover, Fig. 5 shows the test 
results of two sample networks. The training 
parameter µ  (see Appendix) of the Levenberg-
Marquardt changes through the learning 
procedure by factor υ . Fig. 5 shows the values 
of this parameter of six NNs, where υ ൌ 10   and 
µሺ0ሻ ൌ 0.001. 

Constraints in the optimization problem can 

be considered as follows. One of these 
constraints is the limitation of the amplitude of 
input voltages; the other constraint is the 
limitation of the joint velocities, which is 
considered based on the fact that in a singular 
configuration, for the case of limited velocity for 
the end-effector, the joint velocities are infinite. 
Therefore, the following constraints must be 
taken into account:  

 
୫୧୬ܞ ൑ ܞ ൑  ୫ୟ୶ܞ
ሶܙ ୫୧୬ ൑ ሶܙ ൑ ሶܙ ୫ୟ୶ (14) 

 
where ܞ୫୧୬ and ܞ୫ୟ୶ are the lower and the upper 
bound of the joints voltages, and ܙሶ ୫୧୬ and ܙሶ ୫ୟ୶ 
are the lower and upper bound of the joints 
velocities, respectively.  

For better performance of the robot, the 
weighting parameters ܳ and ܴ can be adjusted 
adaptively as follows. When the initial position 
of the end-effector is far from the desired path, 
the velocity control can be ignored since the end-
effector must move quickly to the desired path. 
On the other hand, when the end-effector is at or 
near the desired path, the velocity control plays 
an important role in the control action. 
Therefore, weighting parameters are adjusting 
on-line by referring to the position and velocity 
errors. That is, when the position error is very 
large, the ܳ must be increased and ܴ must be 
decreased. Conversely, when the position error is 
small, ܳ must be decreased and ܴ must be 
increased.  

 
4. Stability Analysis  
The stability analysis for the proposed finite 
horizon NMPC is given in this section.  

The governed equation of an n-link robot 
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manipulator, including actuator dynamics, can be 
shown generally as a nonlinear discrete system 
as 
ሺ݇ܠ ൅ 1ሻ ൌ ,ሺ݇ሻܠሺ܎  ሺ݇ሻሻ (15)ܝ

 
where ܠሺ݇ሻ א ܴ଺ൈଵ is the vector of system states, 
ሺ݇ሻܝ א ܴଷൈଵis the vector of DC motors armature 
input voltages, and ܎is a nonlinear continuous 
function which has equilibrium at the origin 
ሺ܎ሺ૙, ૙ሻ ൌ ૙ሻ.  

According to the manipulator physical 
restrictions, the system constraints could be 
shown as follows: 

 
|௜ݔ| ൑ ݅      ҧ௜ݔ ൌ 1,2, … ,6 
|௜ݑ| ൑ ݅      ത௜ݑ ൌ 1,2,3 (16) 

 
where ݔ௜ and ݑ௜ are the maximum allowed value 
for the states and inputs, respectively. Hence, the 
allowable region for the inputs is defined as 

ݒ ؜ ሼܝ ൌ ሾݑଵ, ,ଵݑ ଵሿ்ݑ ׷ |௜ݑ| ൑ ,ത௜ݑ ݅ ൌ 1,2,3ሽ. 
 

Two observations can be made for the 
optimization problem: 

• Since the value of ܠሺ݇ሻ is measured at time 
instant ݇, it has no influence on the solution 
of the on-line optimization and only affects 
the optimal value of the cost function. 

• For the optimization problem, it can be 
shown that the influence of the control effort 
on the last stage of the prediction horizon is 
not taken into account in the cost function 
and so its optimal value is achieved at 0.  
 
Based on these two observations, the cost 

function of the MPC problem (Eq. (12)) can be 
rewritten as:  

,ሺ݇ሻܠሺܬ ሺ݇|݇ሻሻ܃ ൌ ෍ ሺ݇ܠሺܮ ൅ ݆ ൅ 1|݇ሻ, ሺ݇ܝ
ேುିଵ

௝ୀ଴
൅ ݆|݇ሻሻ 

(17) 

 
where ܠሺ݇ ൅ ݆|݇ሻ; ݆ ൌ 1, … , ௉ܰ denotes the 
predicted state at time instant ݇ ൅ ݆  based on the 
state measurements at time instant ݇; i.e., ܠሺ݇ሻ 
and ܃ሺ݇|݇ሻ ൌ ሾܝሺ݇|݇ሻ, … , ሺ݇ܝ ൅ ௉ܰ െ 1|݇ሻሿ 
denotes the control sequence achieved at time 
instant ݇. Some assumptions should be made for 
this definition of the cost function: 

• The nonlinear function ܮሺ. ሻ is positive 
definite (ܮሺܠ, ሻܝ ൒ 0). 

• The cost function is continuously 
differentiable and radically bounded. 

When the NMPC algorithm is applied to 

control the system in (15) at time instant ݇  and 
subject to (16), the minimization problem is 
achieved as 

 
,ሺ݇ሻכܠ൫כܬ  ሺ݇|݇ሻ൯כ܃ ൌ
minܝሺ௞|௞ሻ,…,ܝሺ௞ାேುିଵ|௞ሻ ,ሺ݇ሻܠሺܬ  ሺ݇|݇ሻ          (18)܃

 
By solving this problem on-line, the optimal 

values of the control sequences, state trajectories, 
and cost function are obtained as 

 
ሺ݇|݇ሻכ܃ ൌ ሾכܝሺ݇|݇ሻ, … , ሺ݇כܝ ൅ ௉ܰ െ 1|݇ሻሿ (19) 
ሺ݇|݇ሻכ܆ ൌ ሾכܠሺ݇ ൅ 1|݇ሻ, … , ሺ݇כܠ ൅ ௉ܰ|݇ሻሿ (20) 
,ሺ݇ሻכܠሺכܬ ሺ݇|݇ሻሻכ܃

ൌ ෍ ሺ݇כܠሺܮ ൅ ݆ ൅ 1|݇ሻ, ሺ݇כܝ ൅ ݆|݇ሻሻ
ேುିଵ

௝ୀ଴

 
(21) 

 
Since there are constraints for the control as 

well as state variables, it is unlikely to achieve 
global stability and feasibility for the NMPC 
problem. Hence, the feasibility region in this 
paper is defined in the followings. 

 
Definition 1: a feasibility region χ for the 

MPC problem (15) with performance index (17) 
is defined as a set such that for any ܠሺ݇ሻ א χ there 
exist control ܝሺ݇ሻ א  such that ݒ

ቐ
ሺ݇ܠ ൅ 1ሻ א χ

ሺ݇ܠ൫ܮ ൅ 2|݇ሻ, ሺ݇ܝ ൅ 1|݇ሻ൯
െܮሺܠሺ݇ ൅ 1|݇ሻ, ሺ݇|݇ሻሻܝ ൑ 0

 (22) 

 
Remark 1: Condition 2 in the above definition 

is quite reasonable assumption; as otherwise, the 
overall cost would increase no matter what 
control action is taken. In other words, this 
condition says that the value of the cost function 
at the end of the minimization procedure should 
not be larger than its value at the beginning, 
which is inevitable. 

 

Definition 2: The NMPC problem is feasible 
at time instant ݇ if the following conditions hold: 

 
ሺ݇|݇ሻכܠ׊ ൌ ሺ݇ሻ܆  ׷א
ሺ݇|݇ሻכ܆ ൌ ሾכܠሺ݇ ൅ 1|݇ሻ, … , ሺ݇כܠ

൅ ௉ܰ|݇ሻ א χ 
(23) 

 
Theorem 1: consider the NMPC problem for 

the system (15) and (16) with performance index 
(17). The closed-loop system under the NMPC 
law stemming from the on-line optimization is 
stable about the origin with the stability region χ 
if the NMPC problem is feasible as defined in 
definition 2. 

Proof: according to the feasibility of the MPC 
problem as defined in definition 2 and 
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considering the cost function, one can easily 
conclude that the optimal cost function is also 
positive definite and continuously differentiable. 
Hence, it can be used as Lyapunov candidate 

 
ܸ൫ܠሺ݇ሻ൯ ൌ ,ሺ݇ሻכܠ൫כܬ  ሺ݇|݇ሻ൯ (24)כ܃

 
Then, 
∆ܸ൫ܠሺ݇ሻ൯ ൌ ܸሺܠሺ݇ ൅ 1ሻሻ െ ܸ൫ܠሺ݇ሻ൯ (25) 
 
where 
ܸ൫ܠሺ݇ ൅ 1ሻ൯ ൌ ሺ݇כܠ൫כܬ ൅ 1ሻ, ሺ݇כ܃ ൅ 1|݇ ൅ 1ሻ൯

ൌ min
ሺ௞ାଵ|௞ାଵሻ܃

෍ ሺܠሺܮ
ேುିଵ

௝ୀ଴

݇ ൅ ݆

൅  2|݇ ൅ 1ሻ, ሺ݇ܝ ൅ ݆ ൅ 1|݇
൅ 1ሻሻ

(26) 

∆ܸ൫ܠሺ݇ሻ൯ ൌ ෍ ൛ܮሺכܠ൫݇ ൅ ݆
ேುିଵ

௝ୀ଴
൅ 2|݇
൅ 1ሻ, ሺ݇כܝ ൅ ݆ ൅ 1|݇ ൅ 1ሻ൯
െ ൫݇כܠሺܮ ൅ ݆
൅    1|݇ሻ, ሺ݇כܝ ൅ ݆|݇ሻ൯ൟ 

(27) 

 
At time instant ݇, after on-line solving the 

MPC problem (18), the optimal control sequence 
within the prediction horizon is given as 
ሺ݇|݇ሻכ܃ ൌ ሾ, … , ሺ݇כܝ ൅ ௉ܰ െ 1|݇ሻ, ሺ݇כܝ ൅ ௉ܰ|݇ሻሿ 
where כܝሺ݇ ൅ ௉ܰ|݇ሻ ൌ 0. 

At time instant ݇ ൅ 1, after applying the 
optimal control כܝሺ݇|݇ሻ, one has 

 
ሺ݇ܠ ൅ 1ሻ ൌ ሺ݇כܠ ൅ 1|݇ሻ (28) 

 
The new control sequence ܃෩ሺ݇ ൅ 1|݇ ൅ 1ሻ 

can be selected as  
෩ሺ݇܃ ൅ 1|݇ ൅ 1ሻ
ൌ ሾܝ෥ሺ݇ ൅ 1|݇ ൅ 1ሻ, … , ෥ሺ݇ܝ ൅ |݇ ൅ 1ሻሿ 

(29) 

 
Where ܝ෥ሺ݇ ൅ ݅|݇ ൅ 1ሻ ൌ ሺ݇כܝ ൅ ݅|݇ሻ; ݅ ൌ 1, … , ௉ܰ. 

The corresponding state trajectory, based on 
ሺ݇ܠ ൅ 1ሻ as the initial state, is given by 

 
෩ሺ݇܆ ൅ 1|݇ ൅ 1ሻ
ൌ  ሾܠ෤ሺ݇ ൅ 2|݇ ൅ 1ሻ, … , ෤ሺ݇ܠ ൅ ௉ܰ ൅ 1|݇ ൅ 1ሻሿ 

(30) 

 
Therefore, the cost function corresponding to 

෩ሺ݇܃ ൅ 1|݇ ൅ 1ሻ and ܆෩ሺ݇ ൅ 1|݇ ൅ 1ሻ can be 
expressed as 
ሚܬ ቀܠ෤ሺ݇ ൅ 1ሻ, ෩ሺ݇܃ ൅ 1|݇ ൅ 1ሻቁ

ൌ ෍ ෤൫݇ܠሺܮ ൅ ݆
ேುିଵ

௝ୀ଴
൅ 2|݇
൅ 1ሻ, ෥ሺ݇ܝ ൅ ݆ ൅ 1|݇ ൅ 1ሻ൯ 

(31) 

By comparing (26) and (31), one can easily 
conclude that 
ܸ൫ܠሺ݇ ൅ 1ሻ൯ ൑ ሚܬ ቀܠ෤ሺ݇ ൅ 1ሻ, ෩ሺ݇܃ ൅ 1|݇ ൅ 1ሻቁ (32) 

 
Hence, 
∆ܸ൫ܠሺ݇ሻ൯ ൑ ሚܬ ቀܠ෤ሺ݇ ൅ 1ሻ, ෩ሺ݇܃ ൅ 1|݇ ൅ 1ሻቁ

െ ܸሺܠሺ݇ሻሻ 
(33) 

 

Moreover, it follows from (15), (29) and (30) 
that 

ە
۔

ۓ
෤ሺ݇ܠ ൅ ݅|݇ ൅ 1ሻ

ൌ ሺ݇כܠ ൅ ݅|݇ሻ; ݅ ൌ 2, … , ௉ܰ
෤ሺ݇ܠ ൅ ௉ܰ ൅ 1|݇ ൅ 1ሻ

ൌ ሺ݇כܠሺ܎ ൅ ௉ܰ|݇ሻ, ሺ݇כܝ ൅ ௉ܰ|݇ሻሻ

 (34) 

 
Substituting (34) into (33) gives 

∆ܸ൫ܠሺ݇ሻ൯

ൌ ෍ ሼܮሺܠ෤൫݇ ൅ ݆
ேುିଵ

௝ୀ଴

൅ 2|݇ ൅      1ሻ, ෥ሺ݇ܝ ൅ ݆ ൅ 1|݇ ൅ 1ሻ൯ሽ

െ ෍ ሼܮሺכܠ൫݇ ൅ ݆ ൅ 1|݇ሻ, ሺ݇כܝ ൅ ݆|݇ሻ൯ሽ
ேುିଵ

௝ୀ଴

 

(35) 

 
This can be written as 

∆ܸ൫ܠሺ݇ሻ൯
൑ ൛ܮ൫ܠ෤ሺ݇ ൅ ௉ܰ ൅ 1|݇ ൅ 1ሻ, ෥ሺ݇ܝ ൅ ௉ܰ|݇ ൅ 1ሻ൯ൟ

൅    ෍ ሼܮሺܠ෤൫݇ ൅ ݆
ேುିଶ

௝ୀ଴

൅     2|݇ ൅ 1ሻ, ෥ሺ݇ܝ ൅ ݆ ൅ 1|݇ ൅ 1ሻ൯ሽ

െ       ෍ ሼܮሺכܠ൫݇ ൅ ݆ ൅ 1|݇ሻ, ሺ݇כܝ ൅ ݆|݇ሻ൯
ேುିଵ

௝ୀଵ

െ ൫݇כܠሺܮ ൅ 1|݇ሻ,  ሺ݇|݇ሻ൯ሽכܝ

(36) 

 
Substituting (29) and (34) into (36) yields 

∆ܸ൫ܠሺ݇ሻ൯
ൌ ൛ܮ൫ܠ෤ሺ݇ ൅ ௉ܰ ൅ 1|݇ ൅ 1ሻ, ෥ሺ݇ܝ ൅ ௉ܰ|݇ ൅ 1ሻ൯ൟ
െ ൫݇כܠሺܮ ൅ 1|݇ሻ,  ሺ݇|݇ሻ൯כܝ

(37) 

 
Hence, 

∆ܸ൫ܠሺ݇ሻ൯
൑ ሺ݇כܠ൫܎൛ܮ ൅ ௉ܰ|݇ሻ, ሺ݇כܝ ൅ ௉ܰ|݇ሻ൯, ሺ݇כܝ ൅ ௉ܰ|݇ሻൟ
െ ൫݇כܠሺܮ ൅ 1|݇ሻ,  ሺ݇|݇ሻ൯כܝ

(38) 

 
Finally, 
∆ܸ൫ܠሺ݇ሻ൯ ൑ ேುܮ െ  ଴ (39)ܮ
 
where ܮேು and ܮ଴ are the nonlinear function 
.ሺܮ ሻat the beginning of the optimization 
procedure and at the last stage of the prediction 
horizon, respectively. Therefore, by considering 
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the feasibility property of the MPC problem 
given in Definition 2, and by referring to Remark 
1, it follows that 
∆ܸ൫ܠሺ݇ሻ൯ ൑ 0 (40) 

 
Therefore, ∆ܸ൫ܠሺ݇ሻ൯ is negative inside the 

feasibility region χ and according to the 
Lyapunov theory, the closed-loop system under 
the MPC is stable.                                                

 
Table 2. Denavit-Hartenberg parameters 

Joint α a d θ  ο 

1 90 0 0 θ 1
 

2 0 l 1 0 θ 2
 

3 0 l 2
 0 θ 3

 

 
Table 3. Manipulator links parameters 

Link 1 2 3 

l (m) 0.1 0.418 0.165 

m (kg) 12.6 10.1 2.4 

 
Table 4. DC servomotors parameters 

Motor Ra KE KT Bm Jm R Vt 

1 5.3 0.28 0.48 64 ൈ 10ିସ 0.51 1:100 12 

2 5.3 0.28 0.48 64 ൈ 10ିସ 0.51 1:100 12 

3 5.3 0.28 0.48 64 ൈ 10ିସ 0.51 1:10 12 

 
6. Simulation Results  
A 3-DOF (waist, shoulder and elbow) type 
manipulator actuated by DC servomotors is used 
for simulations. Using the Denavit-Hartenberg 
parameters (Table 2), the position of the end-
effector in Cartesian space can be calculated. 
Other parameters of the robot and DC 
servomotors are given as Tables 3 and 4, 
respectively. The constraints on the motor 
voltages and joint velocities are selected as [�12, 
12] V and [�35, 35] deg/s, respectively. 
Moreover, the following adaptation rules are 
employed for adjusting the weighting parameters 
in the const function 

൜ܦ ܨܫ௉ ൒ 1.4 ൈ 10ିଷ , ܳ  ܰܧܪܶ ൌ 30, ܴ ൌ 0
௉ܦ ܨܫ ൏ 1.4 ൈ 10ିଷ , ܳ  ܰܧܪܶ ൌ 0, ܴ ൌ 30

 (41) 

 
As discussed before, the model of the robot 

with the servomotors dynamics is estimated by 
MLPNN during the on-line optimization. For this 
purpose, six NNs with similar structure (one 

hidden layer with three neurons) are used to 
estimate the system states at the next sampling 
time. All NNs have tangent hyperbolic nonlinear 
function in their hidden layer; they are trained 
off-line using data obtained from the 
approximate robot dynamics. The learning 
parameters of NNs are fixed at  
ߤ ൌ 20 for the online training. For the sake of 
comparison, computed torque controller is used 
to compare the results with the proposed method. 
This controller is adjusted to have critical 
damping response by selecting the proportional 
and derivative coefficients as ܭ௉ ൌ 12 and 
௏ܭ ൌ 7.  

The proposed controller is applied for two 
cases:  

1) For the first case, controller parameters are 
selected as ௉ܰ ൌ 5, ஼ܰ ൌ 2. There is no payload 
in this case and the sampling time is 0.2 sec. The 
desired trajectory for this case is a rectangular 
path in the Cartesian space. The end-effector 
must follow this path with the constant velocity 
of 1 cm/sec. The reason this path has been 
selected is that controlling the end-effector at 
sharp 90 degrees angles is challenging for most 
controllers. Figs. 6-9 show the simulation results. 
As these figures show, the manipulator end-
effector can follow the desired path and the 
velocity with good accuracy. Moreover, the 
motor voltages and the angular velocities are 
within the predefined bounds. Furthermore, Fig. 
10 shows the results of the computed torque 
method in comparison with the proposed 
method. As this figure shows, the end-effector 
has followed the desired path with high precision 
by the computed torque controller (because it 
uses the exact robot dynamic in controller 
computation). However, at the corner, the end-
effector deviates slightly from the path and then 
returns to it. This behavior caused from the fact 
that the computed torque controller has no 
information about the future of the path and 
makes the end-effector to produce some 
overshoots. In addition, the proposed controller 
leads the end-effector toward the desired path 
from its initial state faster than the computed 
torque method.   

One major concern among researchers in 
using the MPC methods is the computational 
time, especially for the optimization part of the 
controller. As Fig. 11 shows, the computation 
time is less than the data sampling time. Hence, 
the proposed controller can be used in real-time 
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applications. 
The stability of the proposed controller was 

shown in Section 4 by selecting the optimal cost 
function as the Lyapunov candidate. For better 
visualization of the stability problem, the value 
of the Lyapunov function (Eq. (10)) and its upper 
bound (Eq. (39)) are plotted from the beginning 
of the manipulator motion until the moment it 
passes the first corner of the path (Figs. 12 and 
13). As discussed before, the weighting 
parameters are adjusting on-line by considering 
the position error. Fig. 12 shows how these 
parameters vary during the path. At the 
beginning, when the end-effector position is far 
from the desired path, the velocity control is 
ignored and the end-effector moves quickly to 
the desired path. When the end-effector is near 
the desired path, the velocity control plays an 
important role in the control action. At  
ݐ ൌ 9.4 sec, when the end-effector approaches 
90o angle, the position error increases. Hence, the 
weighting parameters in the cost function change 
in order to bring the end-effector quickly to the 
desired path. Fig. 13 shows  
∆ܸ൫ܠሺ݇ሻ൯; i.e., the difference of the Lyapunov 
function. As this figure shows, ∆ܸ൫ܠሺ݇ሻ൯ is 
mostly negative except when the end-effector 
passes through the corner of the rectangular path, 
where it has a small positive value for a few 
samples. Fig. 14 shows how the end-effector 
passes through the 90o angle (i.e., from ݐ ൌ
9.4 sec to ݐ ൌ 9.4 sec, which is equivalent to the 
pointed area in Figs. 12 and 13). This is mainly 
due to sudden changes in weighting parameters 
R and Q in the cost function. However, the 
proposed algorithm is able to bring the closed-
loop system quickly to the stable region. 

2) In the second case, an 8 Kg payload is 
added to the end-effector at ݐ ൌ 25 sec. The 
desired trajectory for this case is a 3D circle in 
the Cartesian space and the desired velocity is 
defined as 2 cm/sec. Due to the smoothness of 
the desired trajectory in this case, the controller 
parameters are selected as ௉ܰ ൌ 4, ஼ܰ ൌ 2. Other 
control parameters are the same as before. The 
simulation results are shown in Figs. 15-18. As 
these figures show, the payload variation causes 
a disturbance to the robot operation. However, 
the adaptation capability of the NN can cope 
with it very quickly and return the end-effector to 
its desired path, yielding an adaptive and robust 

control method. Fig. 19 shows three weights of 
one of the NNs, where the weights variations due 
to the payload of the robot can be observed. On 
the other hand, as Fig. 20 shows, the computed 
torque controller is week in this case, as when 
the payload is added this controller cannot follow 
the desired path. A comparison between the sum-
of-squared position errors of two controllers is 
provided in Fig. 21. Table 4 shows a numerical 
comparison between these two control methods. 

 
7. Conclusion 

This paper presented an approach for the 
hybrid position/velocity control of robot 
manipulators. The proposed control scheme is 
independent of the robot dynamics and is robust 
against any changes in the system parameters. To 
this end, a NN with on-line training capability 
has been employed. While this NN can provide 
appropriate model of the robot, it can deal with 
any changes in robot parameters. Moreover, by 
on-line adjustment of the weighting parameters 
in the cost function of the NMPC, one can obtain 
a trade-off between the position and velocity 
control. Another important feature of the 
proposed control scheme is its ability for real-
time applications, due to the relatively low 
computational time in each sample. Also, the 
stability of the close-loop system has been 
proven through Lyapunov theory. Simulation 
results on a 3-DOF actuated manipulator 
demonstrated the effectiveness of the proposed 
method. 

 
 
 

 

Fig. 6. Desired and actual end-effector path in 
workspace 
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Fig. 7. Position errors in Cartesian space 

 

 
Fig. 8. End-effector velocities in Cartesian space 

 

 
Fig. 9. Joint velocities and motor voltages 

 
 

 
Fig. 10. Desired and actual end-effector path in workspace (solid line: MPC, dashed line: Computed Torque 

Method) 
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Fig. 17. End-effector velocities in Cartesian space 

 

 
Fig. 18. Joint velocities and motor voltages 

 
Fig. 19. three weights of the NN which estimates the third joint angle 

8 Kg payload 
is added to 

the end-



 
 

47 Intelligence Systems in Electrical Engineering, 4rd year, No. 4, Winter 2014 
 

 
 

 
Fig. 20. Desired and actual end-effector path in workspace by computed torque method 

 

 
Fig. 21. Error tracking of two controllers 

 
 

Table 5. Comparison between two control algorithms 

Performance Factors 
Adaptive Neuro-

Predictive 
Controller 

Computed 
Torque Method 

Rectangular path 
(no payload was added) 

Mean of squared errors 
after reaching the path 0.0016 0.0165 

Transition time (before 
reaching the path) 3.4 5.6 

Circular path 
(8 Kg payload was added 

to the end-effector at      
t = 25 sec) 

Mean of squared errors 
after reaching the path 0.0018 0.0248 

Transition time (before 
reaching the path) 4 sec 6 sec 
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Appendix 

Levenberg-Marquardt algorithm can be 
expressed in 4 steps as follows: 

ሻܠሺܨ ൌ ෍ሺݒ௜ሻଶ
ே

௜ୀଵ

ൌ  (A-1) ܞ்ܞ

 

 

௞ܠ∆ ൌ െሾ۸்ሺܠ௞ሻ۸ሺܠ௞ሻ ൅ ,௞ሻܠሺܞ௞ሻܠ௞۷ሿିଵ۸்ሺߤ
ߤ ൐ 0 

 

்ܞ ൌ ሾݒଵ ݒଶ ேሿݒ …                                                    
ൌ ሾ݁ଵ,ଵ ݁ଶ,ଵ … ݁ௌಾ,ଵ ݁ଵ,ଶ … ݁ௌಾ,ொሿ 
 
்ܠ ൌ ሾݔଵ ݔଶ ௡ሿݔ … ൌ
ଵ,ଵݓൣ

ଵ ଵ,ଶݓ 
ଵ ௌభ,ோݓ …

ଵ  ܾଵ
ଵ … ௌܾభ

ଵ ଵ,ଵݓ 
ଶ  … ௌܾಾ

ெ ൧ 
 
ܰ ൌ ܳ ൈ ܵெ    and  
 ݊ ൌ ܵଵሺܴ ൅ 1ሻ ൅ ܵଶሺܵଵ ൅ 1ሻ ൅ ڮ

൅ ܵெሺܵெିଵ ൅ 1ሻ 

۸ሺܠሻ ൌ
ሻܠሺܞ߲

ܠ߲  (A-2) 

 
1. Compute the sum of squared errors over 

all inputs, ܨሺܠሻ , using (A-1). 
2. Solve (A-2) to obtain ∆ܠ௞. 
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3. Recompute the sum of squared errors 
using ܠ௞ ൅  ௞. If this new sum of squares isܠ∆
smaller than that computed in step 1, then divide 
ߴ by ߤ ൐ 1, let ܠ௞ାଵ ൌ ௞ܠ ൅  ௞ and go back toܠ∆
step 1. If the sum of squares is not reduced, then 
multiply ߤ  by ߴ and go back to step 2. 

In the above algorithm, ܅௜
 is the weight 

matrix of the ith layer, ܊௜is the bias vector of the 
ith layer, R is the number of inputs, ܵ௜is the 
number of neurons in the ith layer, and Q and N 
are the number of the input/target pairs and the 
number of elements in ࢜ሺܠሻ, respectively. 
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